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Abstract

Artificial Intelligence (Al) has become increasingly powerful in assist-
ing researchers with their tasks. This development poses the challenge,
of how human scientists can obtain true scientific understanding when
solutions to research problems are no longer produced by them, but
by Al systems. Any such answer to a research question has the po-
tential to contain new insights and concepts implicitly discovered and
used by Al but thus far unknown to humans. Thereby Al solutions
create a demand for explanations that the Als themselves often do not
satisfy. Human scientists then are restricted to attempting to deduce
the underlying principles by studying the Al results alone. Depending
on the complexity of the results this can be very difficult. One possibil-
ity of alleviating this inherent challenge is to increase the researcher’s
capability to meaningfully engage with the Al output. This thesis ex-
plores the application of Virtual Reality (VR) in analyzing Al-designed
quantum optics experiments in graph form. It presents an experimental
VR application developed for this task and demonstrates the ability to
obtain new understanding through its use. A VR-augmented artificial
discovery workflow is presented, incorporating the Al in a human-in-
the-loop cycle by restricting its search space using human intuition.
Results obtained include new understanding of specific high-dimensional
state generation experiments and the human-assisted Al discovery of
a measurement setup for highly entangled states beyond qubits. In
addition, an Al-discovered resource-efficient variant of a core principle
in quantum communication is conceptualized and then expanded to
higher dimensions. The obtained understanding is subsequently used to
extend an already known Al-inspired experimental concept obtained via
the graph representation in previous work.
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1 Introduction

Through more powerful machines, new techniques, and more available data Ar-
tificial Intelligence (Al) has found increasingly fruitful applications in assisting re-
searchers in their work over recent years. Modern Al goes beyond standard
computational research tasks, like simulation and statistical data analysis [1, 2].
Today, there is Al assisting mathematicians with inspiration [3], designing material
prototypes and molecules [4, 5, 6, 7], discovering measurement techniques [8]
and proposing experiments [9, 10, 11, 12]. Such applications can generate some
form of new scientific output, thereby producing solutions to research problems
that have not been discovered by human scientists. This poses a new challenge
to researchers employing such methods. An Al-discovered solution to a specific
scientific question, for example, a room-temperature superconductor would be of
tremendous technological and scientific value. However, it is not guaranteed, that
human researchers would easily able to obtain new scientific insights from this
solution. A deep understanding of the discovery is achieved when researchers can
conceptualize the fundamental physics underlying the super-conductivity of this
hypothetical material. Thus, scientific discovery does not automatically result in
scientific understanding [1].

A perfect scientific Al would of course provide comprehensible explanations
alongside their solutions, however, current Al generally lacks this capability [1].
In many cases, the way how the Al produced the output is not interpretable,
due to the high complexity of the learned mathematical transformation between
human-readable input and human-readable output making the process of the ma-
chine very obscure [2]. This issue has spawned a research field of its own,
explainable Al [13], aiming to understand complex Al systems. However, even
if the methodology of the Al algorithm is transparent, they do not necessarily
provide the reasoning required to explain their output. Therefore, to obtain new
understanding researchers are often required to analyze the Al results, in the hope
of being able to find new generalizable scientific principles [1]. In a sense, they
need to reverse engineer the fundamental insights hidden in the output. If the
solutions are very complex this can be a very challenging task [1]. One approach
to alleviate this problem is to improve the communication between Al and the
researchers. This refers to finding analysis techniques that meaningfully improve
a researcher’s ability to engage with complex Al outputs. Examples are choosing

better data representations or using improved ways of engaging with the output
data [1].

In this work, improving the analysis methodology is explored by choosing a
more appropriate platform, Virtual Reality (VR), for the output of a specific Al
designing quantum optical experiments. Such experiments can be represented by
colored graphs, and this thesis will examine ways to utilize this abstract encoding to
leverage the benefits of VR for new artificially generated scientific understanding in
quantum optics. To this end, a custom analysis tool, AriadneVR, was developed
to realize a VR-augmented analysis workflow for graph-encoded experiments. Ari-
adneVR is an experimental application and has been developed alongside its use
on current Al-discovered experiments of interest. The results obtained with its
assistance, constitute new insights into the graph representations of selected exper-



iments (see. Sec. 5.1), implementation, and successful testing of a VR-assisted
human-in-the-loop cycle for new Al discoveries (see. Sec. 5.2), as well as de-
tailed analysis of the Al-discovery of a resource-efficient entanglement swapping
scheme (see. Sec. 5.3). The concepts extracted from the latter could be used
to generalize to high dimensional entanglement swapping and further abstracted
to a significant extension of, a known experimental concept obtained from the
graph representation in other work [14]. AriadneVR and selected results from
its application, obtained as part of this thesis, have been published in a preprint
related to this work Ref. [15].

The following two chapters will briefly introduce the topic of Al-based discovery
in natural science and the use of Virtual Reality for natural science research to
provide context on the specific applications presented in this thesis.

1.1  Scientific Insight from Artificial Discovery

This section provides a brief overview of ways, in which modern Al contributes
to scientific discovery in natural science with a focus on physics. It constitutes a
summary of the relevant points from three recent review articles on the topic, Ref.
[1], discussing Al contribution from a general conceptual angle, Ref. [2], a broad
collection of state-of-the-art Al methods, and Ref. [16] a detailed summary of
Al applications in quantum physics.

Krenn et al. outline three categories of Al contribution to scientific understand-
ing, ‘Computational Microscopes’, a 'Resource of Inspiration” and finally an "Agent
of Understanding” [1]. These categories are intentionally broad to not tie them-
selves to specific Al applications and implementations. “Agents of Understanding”
refer to hypothetical future Als, creating scientific insight completely autonomously
while efficiently communicating their findings to humans. Such systems do not
fully exist yet and are not relevant to the context of this thesis, hence, they are
excluded from the subsequent summary.

‘Computational Microscopes” are Al applications that allow researchers to study
processes otherwise inaccessible, i.e. algorithms generating data where it is hard
or even impossible to obtain experimentally [1]. Examples are molecular- [17],
or quantum dynamics simulations [18, 16]. Modern machine-learning techniques
can make such simulations more efficient [2]. Such microscopes only contribute
to scientific understanding if the data they provide leads human researchers to
new conceptual insights [1]. Thus, their usefulness can be increased by improving
the interpretability of the generated data. Krenn et al. introduce stereoscopic
3D representations via VR as one option, and data sonification as another [1].
Examples for sonification are found in Astronomy [19].

'Resources of Inspiration” describe Al systems that prompt scientists to develop
new general understanding. In general, it can be divided into two categories:
Algorithms that inspire through their output, and algorithms that inspire through
their methods. The former refers to applications generating interesting novel
scientific results, but also systems spotting irregularities or relations in data or
literature. The latter describes cases, where analyzing a learned model or Al
strategy leads to new understanding [1]. Examples of potential resources for
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inspiration are algorithms proposing new scientific hypotheses or obtaining improved
representations of data [2, 1]. In quantum physics examples of applications are
designs of new experiments [9, 10, 11, 12, 20], discovering quantum error
correction codes [21], or quantum circuit design [22] [16]. The generated results
and learned strategies of such Al have the potential of implicitly using unknown
physical principles. Similar to computational microscopes, these underlying concepts
need to be extracted with human effort, potentially assisted by an appropriate
representation of the output [1]. PyTheus [12], the, Al responsible for the Al
discoveries of quantum optics experiments discussed in this thesis is one of these
algorithms.

1.2 Complex Entanglement in Quantum Optics

The Al-discovered experiments discussed in this work largely relate to the genera-
tion or measurement of complex photonic entangled states. Photonic entanglement
is a key resource both in studying the fundamentals of quantum mechanics and
modern technical applications in quantum computing, quantum cryptography and
communication [23, 24]. In these contexts, photons are often treated as two-
dimensional qubits, e.g. realized in their polarization degree of freedom. Such
systems have been used to perform loop-hole free tests of Bell inequalities [25,
26] or in entanglement swapping [27, 28] a key component of quantum re-
peaters, required for building large quantum communication networks [29, 24].
Interesting applications result from systems with more than two qubits allowing
new refutations of local realism other than Bell inequalities [30, 31] or the non-
local generation of entanglement across multiple different locations [32]. Many
of these applications are enhanced when using high-dimensional photon states e.g.
by considering their orbital angular momentum degree of freedom [23]. High
dimensional systems (qudits) lead to stronger violations of Bell inequalities and
are more robust against noise, making them more easily verifiable in experiments
[33, 23]. Using qudits also increases the robustness of quantum communication
networks as well as the information capacity of each carrier [29, 24]. Recent
experimental progress saw the generation of increasingly complex high dimensional
entangled pair and multiphoton states [23, 34, 35, 36, 37, 38]. A key challenge
in utilizing the resources provided by such experiments is realizing measurement
setups distinguishing between different highly entangled states. Such analyzers are
required to realize for example high-dimensional quantum teleportation schemes
[24]. Even for 2-qubit systems, it is impossible to build complete analyzers, distin-
guishing between all Bell states, with linear optics alone [39]. In 2-qudit, partial
analyzers require additional, ancillary photons or nonlinear optical processes to be
realized [40, 24]. 3-dimensional teleportaion of Bell-states has been experimen-
tally achieved recently [41, 42] employing such partial analyzers. Those recent
advancements indicate the large potential for new and interesting fundamental
and technical applications of complex photonic entanglement

1.3 Immersive Technologies for Natural Science

Immersive technology is one of the methods proposed by Krenn et al. to be
employed to increase researchers ability to extract insights from Al [1] and is a
core component of this thesis work. Immersive displays have diverse use cases for
science, ranging from putting animals in virtual environments to study their behavior
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[43], to manipulating microscopic systems almost in real-time via a virtual reality
interface [44]. An especially vibrant field is molecular analysis and design assisted
by immersive technology [45, 46]. This thesis pursues the application of such
techniques for artificial scientific discovery in quantum optics, analyzing abstract
Al-discovered structures relating to fundamental aspects of quantum physics. In
light of this application on Al-produced data this short overview focuses on data
analysis and treatment applications in the natural sciences and adjacent topics.

1.3.1 What are Immersive Technologies

The idea of fully immersing oneself in a computer-simulated environment was
conceived in 1965 by Sutherland in his essay The Ultimate Display”. In it, he
describes his vision of using computer displays to provide ‘a looking glass into
a mathematical wonderland" [47]. He outlines incorporating multiple senses like
hearing and touch into his display, both concepts that have since been realized
[48, 49, 50]. With such a display, he conjectures ‘we can learn to know them
[mathematical phenomena] as well as we know our own natural world." In 1968
he built the first head-mounted stereoscopic 3D display out of two miniaturized
cathode ray tubes [51]. Since those pioneering experiments, immersive displays
have undergone a variety of technical iterations. Today, they are sorted into two
categories. This follows the nomenclature laid out in a recent primer on extended
reality by Yuan et al. in Ref. [52].

Virtual Reality (VR): Virtual Reality is the complete substitution of the user’s
perception of the real world by a simulated environment. Most commonly this is
achieved with head-mounted displays (HMD), but also includes CAVE environments
[53], room-scale displays with screens or projection surfaces on all sides.

Augmented Reality (AR): Augmented Reality is the superposition of the real
environment with virtual elements. This term is used both for applications using
stereoscopic displays but also for much simpler systems overlaying a single image
video feed from e.g. a smartphone, with simulated objects.

Generally speaking, most applications and devices lie on a spectrum between
complete substitution and almost no modification of the real environment, referred
to under the umbrella of Extended Reality (XR) in modern literature [52, 46].
Both augmented reality and the umbrella term of extended reality can also be
referred to as Mixed Reality [52, 46]. This leads to a minor conflict of termi-
nology. Hence, this work forgoes the use of the term Mixed Reality.

Through their relatively cheap availability on the consumer market, most modern
XR applications use HMDs in conjunction with position and motion sensors. These
devices track the user’'s head motion and gaze direction, potentially even including
eye tracking. From the very beginning of the concept of XR in the 1960ties,
interaction was a crucial part of the idea [47]. Modern headsets realize this by
adding controllers tracked both in their 3 translational and 3 rotational degrees
of freedom (DoF) or by motion tracking the user's hand without the need for a
control surface. Beyond these general input methods, specialized haptic devices
have been realized. An early example is the use of a robotic arm to simulate
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the resistance of molecular force fields in 1990 [54]. Modern robotic arms
are for example used in surgeon training where they simulate tissue resistance
[50]. Beyond such specific devices there exist haptic gloves aiming to provide a
general sensation of touch in virtual environments [50]. Thus, modern hardware
can achieve stereoscopic 3D rendering while simultaneously providing intuitive
interaction methods. This combination constitutes the defining toolkit offered by
current XR technology.

The Meta Quest 2 The HMD used for VR during the work presented thesis is
a Meta (formerly Oculus) Quest 2'. It features two 6 DoF controllers but also
supports hand gesture tracking with recent updates, however, the latter feature is
not used in this work. It does not have eye-tracking technology but does not
require external sensors for positional and directional tracking of the user’'s head
or the controllers.

1.3.2 VR Experiences for Analysing Data in Natural Science

The toolkit outlined above enables a variety of benefits relating to data visu-
alization and treatment. First and foremost, stereoscopic rendering enables the
representation of data in true 3D as opposed to projective visualization on 2D
screens. Representations can be freely adjusted, unrestricted by physical parameters
like display size or room scale. Secondly, through motion tracking, the display is
interactive in ways not possible on 2D displays. Users can move, scale, and rotate
data to their needs and with intuitive gestures. In addition, potential web connec-
tion allows collaborative analysis even if the participants are far apart [55, 56, 46].

Examples of the use of VR in the natural sciences are found in many different
fields. The unifying element of these applications is the presence of 3D-data or
3D-data representations. Prominent examples for the former are 3D-image stacks,
for example, produced by confocal microscopy [57, 58] or medical scans [59,
60], but also single molecule localization microscopy point clouds [61, 62] or
astronomical data [63, 64, 65]. Such tools are often not only for inspection but
are geared towards performing vital data treatment tasks like image segmentation

[59, 66].

Beyond imaging data, VR is used to visualize more abstract concepts, like
molecular graphs or protein structures [67, 68, 69, 70, 71]. 3D-molecular struc-
ture is critical for the reactive behavior of molecules and studying it is a crucial
aspect of molecular design tasks like drug design [45]. VR is used here to
analyze structure, but also design or change molecules on the fly and even study
their dynamic behavior when supplemented by simulations [45]. As generative Al
is employed to suggest new drugs in this field [7], VR can be used to analyze
the Al results [72]. Graphs are also a common way of representing relations in
large datasets used for example in medicine and social science. With increasing
size, such networks can become difficult to comprehend, or even fully visualize
[73]. VR is not restricted by physical space and thus well suited to display such
networks. As an example, VRNetzer [73] removes the visualization issue by al-
lowing the user to choose different graph layouts and arbitrarily scale them to their

' https://www.meta.com/de/quest/products/quest-2/
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needs. It also includes a variety of graph exploration algorithms to support analysis.

The advantages of 3D visualization and interaction for data analysis tasks
have been studied over many years [46]. Examples are the study of Laha
et al. reporting significant benefits for analyzing volume data in immersive en-
vironments [74], or Ref. [75] reporting increased structural understanding of
graphs in VR. Another example is the work of Millais, Jones, and Kelly claiming
higher accuracy of insights gained from 3D visualization compared to 2D [76].
However, these examples suffer from low participant samples, and other work like
that from Bach et al. suggests that the actual benefit of immersive analysis is
task and medium-dependent [77]. Some modern applications mentioned before
also include quantitative user studies reporting improved task completion times
and better task performance [68, 78]. Research is conducted on the benefit of
VR in the context of education and training in natural science [79, 80], and
applications exist ranging from XR-assisted lab courses [81] to visualization aids
for complex structures [82]. Such tools are meant to increase the comprehension
of abstract concepts in students. A detailed review and evaluation on the state of
the state-of-the-art research on the effects of immersive analysis are outside the
scope of this thesis, however, the literature suggests that XR has real, but task-
and implementation-dependent benefits for data analysis.

Applications of Particular Interest Here a few specific types of XR applications
are presented that are of particular interest in the context of artificial scientific
understanding as outlined in section 1.1.

One example are interactive molecular simulations. Tools like Narupa [71]
allow the user to virtually touch and influence molecules. Users can initiate and
observe chemical reactions by supplying the kinetic energy to initiate a reaction.
As mentioned before one of the applications is in drug design, studying the re-
active behavior of drug candidates [45]. Interactive molecular simulations are
not a new idea [54, 83], but modern VR technology has elevated them to a
new standard. They represent a direct implementation of Sutherland’s ‘looking
glass" [47], enabling humans to interact with nanoscopic representations of nature
in otherwise unachievable ways. An application by Ferretti et al. not related to
computational but physical microscopes takes this even further, connecting the user
to real microscopic systems via VR in real-time [44]. Here, users can interact with
microparticles and microorganisms within a virtual representation of a real system
under a microscope. Their interactions are then transferred to the real system
via optical tweezers. Virtual Reality is a crucial part of this application, allowing
natural interaction with microscopic objects. Visualization can also be combined
with other senses, as in the case of Ref. [49] where the surface of a protein
visualized in VR is also expressed through sound or Ref. [48] where sonification
is used to augment molecular simulations.

Through interactivity, XR hardware has the potential to improve the perfor-
mance and efficiency of data treatment tasks. This can be used for example in
the context of human-in-the-loop (HITL) analysis. HITL-analysis refers to tasks
where an Al process is augmented by a human performing a certain task of the
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analysis workflow [56]. An example is image segmentation, or point cloud label-
ing for machine learning tasks. VR hardware can provide a more efficient way of
performing such tasks compared to regular computer input devices like a mouse
and keyboard. An example is [84], an application where eye-tracking combined
with VR visualization is utilized to track and mark cell paths in microscopy images.
Other examples include data labeling, like tracing neurons in microscopy data
[66]. Interactive molecular simulations have also been used to generate data for
machine learning tasks, e.g by sampling the energy curves of chemical reactions
by repeating them many times within the simulation in VR [85, 86].

XR is also used to study Al systems in the context of explainable Al. As in the
previously mentioned case of network analysis, XR allows improved visualization of
the complex internal relations resulting from machine learning tasks [87]. Thereby
it can help elucidate the internal mechanism of such models. Lyu, Li, and Wang
use interactive VR visualization in combination with the sonification of loss values
for a more teaching-oriented approach in Ref. [88]. Their tool uses allow the
user to observe and interact with small artificial neural networks during training to
obtain an intuitive understanding of them.



2 Physical Background

At the core of this work, is the study of Al-proposed quantum optics experiments
preparing or measuring different forms of photonic entanglement. This section
serves as a basic introduction to these topics and provides the necessary terminol-
ogy for later sections. It also provides a brief motivation in the form of important
applications with an emphasis on entanglement swapping, due to its relevance to
the Al discoveries discussed in later parts of this thesis.

2.1 Entanglement

Entanglement is one of the core emergent properties of quantum mechanics and
the foundation of many of its paradoxical and unintuitive aspects [89]. It arises
when two or more degrees of freedom in a quantum system are in a non-
separable state, i.e. the state can not be written as a product state in any basis

[90, pp. 267—-269]:
@) # |pa) |@b) - (2.1)

This unassuming property of some quantum systems has been a point of great
discussion during the development of quantum mechanics [89]. Interpretational
problems arise when one spatially separates the two degrees of freedom by ascrib-
ing each to a single particle in space. As their joint state cannot be written as a
product state, the particles behave as a joint system regardless of physical distance.
Thus, the global state changes instantly for both particles upon measuring one of
them, seemingly breaking one of the core tenets of special relativity, that events
can not influence each other when they are outside each other’s light cones. This
constraint is called locality [89]. This issue led to the proposal that quantum
mechanics is not a complete description of reality and needs to be augmented
[91]. This culminated in the development of hidden-variable-theories underpin-
ning quantum mechanics with additional unknown parameters responsible for its
unintuitive predictions. Such hidden variables are also used to explain the inherent
randomness of quantum mechanical measurements through probability distributions
of these unknown properties. This is summarized by the realism constraint on
theories, claiming that observations in a realistic theory should be predetermined
by particle properties independent of measurements. The argument is, that would
all hidden variable values be known, every measurement outcome would be fully
deterministic [89]. In 1964 Bell offered a testable way of ruling out hidden
variable descriptions of quantum mechanics by providing a quantifiable difference
between the degrees of correlation encountered in hidden variable theories and
quantum mechanics [92]. This has been turned into an experimentally testable
inequality by Clauser et al. [93]. Since then experiments have been performed
confirming that nature at the quantum level is neither local nor realistic [25, 26].

The profound properties of entanglement can be nicely explained using the
informational approach of Brukner and Zeilinger outlined in a series of publica-
tions at the turn of the millennium [89, 94, 95]. They argue, that quantum
randomness arises from the finiteness of information that can be carried in a
quantum state. In their picture, a two-dimensional system can carry one bit of
information. Hence, if e.g. an electron spin is aligned in the z-direction, the
informational capacity is exhausted by the truth value of the statement: the spin
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in the z-direction is up [94]. Other, independent statements, like the spin in
the x-direction is up must thereby be fully undetermined. Two particles with
two-dimensional Hilbert spaces hence carry two bits of information. Entanglement
arises when the two-particle system cannot be accurately described by statements
about the individual particles [89]. The degree of entanglement can then be
defined by the exact amount of information in statements in joint properties.
Maximal entanglement then means that all the available information capacity is
used to define joint properties [95]. This offers an intuitive reason why quantum
mechanical correlations can be larger than classical ones as demonstrated by the
Bell inequalities and corresponding experiments. Classical correlations only arise
from the properties of the individual single particles. For example, two particles
in the state [t1) are classically correlated to be aligned, but this correlation is a
consequence of the well-defined direction of each particle. For the state [11)+]{),
alignment is correlated independent of the direction of every single particle, as this
is completely undetermined. Hence, quantum systems can contain more informa-
tion in joint properties than in single-particle properties. They can have stronger
correlations than what can be deduced from single-particle information alone [89].

An important example of maximally entangled states are the well-known Bell
states for a 2-dimensional 2-particle system:

I
V2
i
V2
Here, O and | are used as general mode labels and can be replaced for example
by horizontal (H) or vertical (V) polarization for photons or spin labels up (1)

and down (]) for electrons. These states are maximally entangled, as the state
of each particle is completely undetermined, all their information is in correlations

[94].

[9%) = —=(100) £ |11)), (2.2a)

() = —_(|01) +[10)). (2.2b)

A generalization of Bell-States to more than two particles are the Greenberger-
Horne-Zeilinger (GHZ)-states. Originally they were conceived for three particles

[30], but since have been expanded to n particles and dimensions larger than two
[96, 97, 23].

i |

—d—
> e (2.3)
i=0

They share the property of maximal entanglement of Bell states. GHZ-states
were principally constructed for an alternative to Bell's theorem for ruling out

local realistic hidden-variable theories as they do not require inequalities to refute
this worldview. [30, 96].

I
GHZ) = —
| >n \/a

There are many other classes of entangled states exhibiting different degrees
of entanglement. One way to classify the entanglement of complex systems is the
Schmidt Rank Vector (SRV) [23]. It is the collection of the ranks of the reduced
density matrices of each possible bi-partition of a quantum system. Due to the
non-separability of entangled states, the state of a partition is mixed, having a
rank strictly larger than one, as opposed to product states where the rank is exactly
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one. If the rank is maximal the two subsystems of the partition are maximally
entangled. This leaves a nuanced measure for the degree of entanglement of
high-dimensional multi-particle systems. As an example, the Schmidt-Rank vector
for a 2-dimensional 3-particle GHZ-state is {2,2,2} as the reduced density matrix
for any partition a is the fully mixed state:

pa = 5 (100) (00| + [1 1) (1)

2.2 An introduction to entanglement swapping

A large portion of this thesis's results deals with entanglement-swapping experi-
ments. Here an introduction and a short overview of applications are presented
for context following a very recent review on the current state of the field by Hu
et al. [24].

Foundations of Entanglement Swapping Entanglement swapping was originally
conceived as a source of entangled pairs to test Bell's inequalities [27]. The basic
scheme is depicted in Figure 1(a). This was realized by Pan et al., demonstrating
that it is possible to entangle photons that never interacted [28]. The basic
scheme works as follows: First, one prepares two maximally entangled two-particle
Bell states, e.g. |®") and |¥~), each from an independent source. Labeling the
photons with letters a —d one can rewrite the joined four particle state as:

) 19y = 5 (199, [ 97)g
270 [T )y 24
) (27 g &0

)

— o), 2" bd)'

Hence, performing a Bell State measurement on the photons b and d also projects
the two remaining photons into a Bell State. This principle is independent of the
initial choice of Bell states. The only resulting difference is a different pairing
of Bell states on the right-hand side of equation (2.4). Note that the original
experiments used two copies of |¥™) as initial states. The choice here is made
differently as the setups employed in later sections use |®T)|¥~) as the initial
state. The original experiment uses a simple beam splitter setup with subsequent
coincidence detection for the Bell state measurement. This type of measurement
exploits the fact that due to the Hong-Ou-Mandel-effect[ 98], only the asymmetric
singlet state |U~) leads to a photon in each output port of the beam splitter [28].
Hence, coincidence detection at the output ports of the beam splitter projects the
two photons b and d in the singlet state.

Entanglement swapping is closely related to quantum teleportation. Essentially,
the former can be seen as a special case of the latter. Quantum teleportation uses
an entangled pair to transfer an unknown arbitrary quantum state by destroying it
in one location and then recreating it somewhere else via quantum and classical
communication channels. Entanglement swapping re-emerges from this technique
when the particle carrying the unknown state is part of a Bell pair. Figure 1(b)
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Figure 1: Schematic setups for entanglement swapping and quantum tele-
portation. (a) Entanglement swapping setup. Two particles, each part of a
prepared Bell state are projected into a shared Bell state. Thereby the old
partners sent to Alice and Bob are projected into a Bell state of their own.
The Bell state measurement (BSM) is shown as in the original experiment
[28], realized with a beam splitter and coincidence detection. (b) Basic
quantum teleportation scheme. Alice receives an unknown state |@) and one
particle from a Bell state. After performing a Bell state measurement she
transfers the result to Bob via a classical channel. This tells Bob which unitary

operation U to apply to his particle to recover the unknown state |@) [99].

shows the standard teleportation setup [99, 24].

An early generalization of entanglement swapping is multiparticle entanglement
swapping [32]. This scheme uses n-particle 2-dimensional GHZ states instead of
Bell states. By performing a Bell- or GHZ state measurement on a subset of
particles of two such states the remaining particles are projected into a GHZ-state
of their own. This can also be used to create larger GHZ-states from smaller
ones. E.g. two 4-particle GHZ-states combined with a Bell state measurement
yield a 6-particle GHZ state after the swap. With such schemes, entanglement
can be shared between multiple parties in a non-local way [32].

Applications of Entanglement Swapping The non-local establishment of entan-
glement possible with entanglement swapping can be used to create locality-
loophole-free Bell test experiments [100]. For such tests, quantum mechanical
entanglement must be verified at spacelike separation, i.e. at spacetime that
cannot interact with each other. [t has been shown that tests using high di-
mensional states produce a stronger violation of classical correlations, leading to
more robust experiments [23, 24]. High-dimensional swapping and teleportation
schemes require high-dimensional analyzers [24]. In many modern applications,
the employed analyzers are incomplete, meaning they do not resolve the com-
plete set of basis states, often only distinguishing one state versus all the rest [42,
101]. Complete analyzers cannot be realized without non-linear optics even in
the 2-dimensional case [39]. Entanglement swapping also finds technical applica-
tions in quantum communication and quantum computing [24]. In the former,
it constitutes a crucial element of quantum repeaters. These devices allow the
transport of entanglement beyond the limits of loss rates and coherence length
by performing consecutive swaps. Thereby, the distance any single state has to
travel is much shorter than the distance between the final entangled pairs [24].
In quantum computing entanglement swapping allows the establishment of non-
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local multipartite entanglement, a crucial step in the operation and upscaling of
quantum computing networks [24].



3 From Path Identity to PyTheus

This section will provide the background behind PyTheus [12], the Al discovering
the experiments at the core of this work as well as introduce the graph repre-
sentation PyTheus is built upon. First, the fundamental experimental principle,
Entanglement by Path Identity [102], that led to the development of the graph
representation is introduced. Then, the concept of encoding linear quantum optics
experiments as colored graphs is explained, before introducing the PyTheus library.

3.1 Path Identity for Generating Quantum Mechanical Superpositions

Path identity is an experimental concept in quantum optics, that allows for co-
herent superposition of photon states by removing “which path information” from
photonic experiments. It relies on the fundamental property of quantum mechan-
ics, that different possibilities for a process enter coherent superposition if there
is no way of distinguishing between them. Critically, it is of no concern if two
possibilities are actually distinguished or not, the possibility alone destroys coher-
ence [103]. This short introduction to the path identity technique draws from
the summary of research provided by Hochrainer et al. in their comprehensive
review Ref. [103] as well as the more specific application for generating mul-
tiparticle high-dimensional entanglement by path identity presented in Ref. [102].

By today, the fundamentals of the technique have been known for more than
thirty years. However, after an initial decade of foundational works after its dis-
covery, path identity has only been revived in 2014 and has since been expanded
greatly in scope and applications [103]. The first implementation exploiting path
identity is the Zou-Wang-Mandel experiment from 1991 [104], demonstrating
the possibility for interference between photons based on superimposing their cre-
ation processes. A basic schematic of the experiment is shown in Figure 2(a). A
simplified theoretical treatment of the experiment is sketched out here, see Ref.
[103] for a more extensive version. The experiment is selected for cases where
only one photon pair is created by the two identical weakly pumped non-linear
crystals by spontaneous parametric down conversion. In the following discussion,
the pair photons are labeled A and B. Photon A is either in paths a or ¢ and

(b)
1.00 1
0.75 1 /\
i~ — P(9)
& 050 () )
0.251
0.00 1 I 7

Figure 2: The Zou-Wang-Mandel experiment. (a) Sketched setup of 2 pair
sources with one of each emission path perfectly aligned. (b) Interference
pattern of detection probabilities P observed at the beam splitter outputs
dependent on the phase @.
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photon B in b or d, depending on which crystal emits the pair. Hence, the input
state of the beam splitter can be expressed in the path degree of freedom as:

Wag) = \}2 (e@aTBT + eTé/T) Ivac), (3.1

where %' is the bosonic creation operator for a photon in path x. By perfectly
aligning paths b and d the path modes are indistinguishable after the second
crystal:

b—d=|y) = \2 (e%feﬁ + eTaT) vac) = \}2& (e%T + ef) vac),  (3.2)

The state of the second photon |wj4) is now separable from photon B and a
coherent superposition of path modes a and c:

pa) = \Ifz (74" + 1) Ivac) (3.3)

By interfering the two path modes in a symmetric beam-splitter the input modes
transform as:

at é (ig' +F) (3.4a)

T<_>\}2(QT+_fT>, (3.4b)

o

leading to the output state:
dt [ (I'QT +fT) + (QT + szﬂ |vac)

dt gt (1 +ie®) + £t (€9 + )] Ivac)

= ly) =

— ] — | —

—5d" g (1+e@8)) 4 ift (1 + €8] vac). (3.5)
Evidently, the coefficients of the g and fT creators are phase shifted by m with
respect to their @-dependence, leading to the interference pattern at the output
ports of the beam splitter depicted in Figure 2(b). This is remarkable, as the
photon detected at the output ports of the beam splitter has not traveled through
the phase plate. The reason for this effect is that there is no way to know in
which crystal the photon originated. In fact, this information never existed, as
Hochrainer et al. phrase it: “The information of the photon's origin is not erased
but was never created in the first place” [103]. With misaligned paths b and
d the interference vanishes as the state of the second photon A is no longer a
coherent superposition like in equation (3.3). Instead, the degrees of freedom of
photon B have to be traced out leading to a mixed state:

P =Trg () (w))

| |
=5 2 (Il (e o) (T o+ e[ 1) (1o, Tal +
pe{bd}
e”"P\IC,Id><la,Ib|+|lc,ld><lc,ld]> 1,)
| |

:i‘la><]a‘+§|lc><]C" (36)
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Figure 3: Proposed setup for 3-dimensional GHZ-state generation from Ref.
[102]. (a) Setup consisting of 6 path-aligned pair sources emitting 2-photon
orbital angular momentum states. The O-mode is encoded as blue, and the
I-mode as red, and the 2-mode as green. (b) Three emission patterns
leading to coincidence detection with their respective state. Through path
identity, the four possibilities enter coherent superposition to form the GHZ
state in eq. (3.7)

Thus, the phase dependence is lost and no interference is observed.

The Zou-Wang-Mandel experiment demonstrates that, by superimposing the
path degree of freedom, quantum mechanical events can be made indistinguish-
able. This principle was quickly used to create sources for entangled photon pairs
[105, 106], by superimposing both emission paths of two mode-shifted crystals,
and more recently in measurement techniques with undetected photons [103].
In general, undetected-photon techniques rely on replacing the phase plate in the
Zou-Wang-Mandel setup with a more complex sample. lts optical properties can
then be deduced by changes in the observed interference pattern of photon A.
Examples include imaging [107], spectroscopy [108] and microscopy [109].

Despite the relatively early adoption of path identity for constructing sources
for entangled two-qubit states from regular pair sources [105, 106], it took
many years until this principle was expanded to more general and complex state
creation schemes. This advance was achieved through analysis of Al-generated
proposals for such experiments [9, 102, 103]. The crucial step made by Krenn
et al. in Ref. [102] is the realization, that combining paths from more than
two coherently pumped pair sources can generate a variety of highly entangled
multiparticle states in high dimension. Figure 3 shows one of their proposed setups,
an experiment creating a 4-photon, 3-dimensional GHZ-state (see equation (3.7)).
The experiment only consists of pair sources producing 2-photon orbital angular
momentum product states |00), |11), and |22). The entangled state is then
created through the clever alignment of emission paths. The desired GHZ state
is obtained by selecting the experimental outcome on exactly one photon in each
path called 4-fold coincidence detection [102]. The layout of photon paths
restricts the possibilities for this outcome to three specific pairs of crystals, depicted
in Figure 3(b). Through path identity and coherent pumping, these three patterns
enter coherent superposition yielding the GHZ-state:

GHZ)3 — ‘3(\oooo>+u 111)+(3333)) (3.7)
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This is only one of the multitude of setups proposed in reference [102],
alongside high-dimensional Bell-states and setups for creating 2-dimensional GHZ-
states of arbitrary even photon count to name some examples. Some of these
experiments have since been realized, e.g. by Kysela et al. generating high dimen-
sional bell states [36] and Bao et al., generating a three-dimensional four-particle
GHZ-state [37]. These discoveries have subsequently led to a new representa-
tion of quantum optics experiments as graphs. This representation reduces the
experimental complexity to path modes as vertices and correlations between paths
introduced through pair sources as edges [103]. Such graphs are the basis for
modern algorithms searching through the large combinatorial space of combinations
of pair sources and path alignment layouts. They are introduced in the subsequent
chapter.

3.2 Encoding Experiments in Colored Graphs

The graph representation of quantum optics allows the encoding of quantum
optical experimental setups into colored undirected graphs. It is introduced and
expanded upon in Refs. [110, 111, 112, 11, 12]. Essentially, it is a way
to describe quantum states with graphs combined with instructions on how to
create the states using linear photonics. However, it is not limited to state
generation experiments but extends to state measurement devices, photonic gates,
and communication protocols by simple reinterpretation of aspects of the state
generation encoding [11, 12]. Initially, it was used to apply theorems from
mathematical graph theory to derive statements about linear quantum optics [ 1 10],
more recently it has proven itself to also be well-suited to explore the space of
quantum optical experiments with computer algorithms to find new interesting
setups [ 11, 12]. Important findings obtained with the graph representation have
been experimentally verified recently [113, 114, 37], demonstrating the feasibility
of the graph encoded experiments. The geometric nature of graphs is also what
enables the application of Virtual Reality to such Al-discovered experiments in the
ways proposed by this thesis.

Encoding State Generation State generation experiments aim at producing a
specific photonic quantum state of light. This is a crucial prerequisite to many more
advanced processes, like for example communication protocols that then manipulate
the generated states to achieve other tasks [24]. However, generating complex
photonic states of light and studying their properties is also a well-established
method of probing the fundamentals of quantum mechanics itself [23]. One of
the routine ways of generating photons in experiments is by weakly pumping non-
linear crystals for spontaneous-parametric-down-conversion (SPDC), a 2" order
non-linear process, where a high-frequency pump photon is converted into two
lower frequency photons obeying both momentum and energy conservation [23]:

Wp = W] + Wy, EPZE| —l—Ez, (38)

where p stands for the pump photon. The simplified effective Hamiltonian of the
process is given as [115]:

H:im;(“{é; —alaz) (3.9)
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Figure 4: Transformation of the 3-dimension GHZ-state setup from Ref.
[102] into a colored weighted graph. As in Fig. 3 color encodes photon
mode. The three emission patterns from Fig. 3 correspond to three subgraphs
combining into the full graph of the state. These subgraphs are the graph’s
perfect matchings, as every vertex is connected to exactly one other vertex.
The GHZ-state results when all weights are chosen equal. Graph from Ref.

[110]

The first term corresponds to the SPDC process, creating two photons from a
pump photon, the second term is the reverse, sum frequency generation, absorb-
ing two photons to create a pump photon. The coupling constant 1 is pump
power dependent and describes the efficiency of the process. The pump field is
treated classically here, its influence absorbed in the coupling constant [115]. As
intfroduced in the previous section, networks of these sources in path alignment can
create interesting photonic states through Entanglement by Path Identity [102].
The graph representation turns such networks of sources into networks of vertices.
It achieves this abstraction by representing each path by a vertex and each source
emitting into two paths as a colored edge connecting the corresponding vertices
[110]. The color encodes the photon mode. Each edge is associated with a
complex weight w encoding amplitude and phase of the respective emission pro-
cess [111]. Figure 4 depicts this transformation for the GHZ-state creation setup
from Figure 3. The general output state of a graph G is then obtained as the
output state of the corresponding network of sources by Taylor expanding the

product of time evolution operators of all crystals j; Uj = e M1 [11]:

n

|U) = ® (G) |vac) ~ Z ] (Zweé\iomoé\jwml — h.c.) lvac), (3.10)

n!
ecG

where h.c. is the hermitian conjugate and an edge e (source) is specified by the
vertex (path) labels v;, and mode labels m; for j € O, 1. The complex amplitude
of the process is encoded as the edge weight cw. = ge’®s with g = nt. Beyond
single-pair emission, this weight function contains the creation of multiple pairs
from each source and the re-absorption of photons through sum frequency gen-
eration. SPDC sources are probabilistic and are pumped with low power from
single pair emission, hence g << 1. This has the effect that the more photons are
required for a process, the lower the probability of the process occurring. However,
small g also suppresses unwanted high-order terms from the expansion.

As shown in Figures 3 and 4, the emission events contributing to the output
state of a network of sources are post-selected from this sum of all possible
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Figure 5: Different ways to interpret a graph-state based on selection criteria
for an example graph. All edge weights are set to | for simplicity. (a)
4-fold coincidence detection criterion, leading to the contributing terms being
the perfect-matchings of the graph. See equation (3.11a) for the output
state. (b) 2-fold coincidence detection on paths | and 2. See equation
(3.11b) for the output state. (c) Selecting for 2 photons in path O and |
photon in path 3. Sources emitting twice are indicated with double edges.
See equation (3.1 1c) for the output state.

events. N-fold coincidence, used in this example, i.e. one photon in every path,
is the standard way of interpreting graphs, however, with equation (3.10) more
general schemes are possible. For example, photon-number resolving detectors
allow the selection of events on specific numbers of photons in certain paths.
Only selecting on a subset of detectors corresponds to heralding states in the
unconditioned paths [11]. Thus the general conditions for a selection scheme
are specific photon numbers in specified paths. Conditioning a subset of paths {P}
on a specific photon number nyc(py selects the corresponding terms from equation
(3.10). In the graph encoding, this equates to the coherent superposition of all
subgraphs, where n, connections can be reached by any edge counting method,
simultaneously for all vertices p. This means edges can be counted arbitrarily of-
ten to meet the photon number criterion to account for the simultaneous emission
and absorption of pairs from the same source. Depending on the criterion, the
state represented by the graph is different. Figure 5 shows this mechanism for a
few criteria on a simple four-vertex graph where all edge weights are set to I.
The graph displayed is related to GHZ-state creation [110]. The output states
corresponding to the different criteria are given by selecting the appropriate terms
from the series in equation (3.10). Contributions from orders higher than the
minimal contributing order are neglected for simplicity. Those contributions are at
least two orders higher for each example and therefore are suppressed for realistic
loo| << 1

cond. (a) {P}={0,1,2,3}, npb=1Vvp=

|é£,1 + é?oé?oégoégp) lvac) ; (3.11a)

N —+

Wa) = (ég),l é]IL,I a
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cond. (b): {P}={1,2}, nj=np=1=

(3.11b)

172,073,
9 (3.11¢)

Hence, to correctly interpret a graph, one requires both the graph AND an ad-
ditional selection criterion specifying which terms to select from the infinite com-
binations of all possible emission events. N-fold coincidence detection selects a
special class of subgraphs, called perfect matchings, subgraphs where every vertex
is reached by exactly one edge [110]. Selecting it yields the non-normalized
4-particle 2-dimensional GHZ-state: |0000) + |1 111) from equation (3.1 1a) for
the graph from Figure 5(a). See Figure 4 for more perfect matching examples.

Summarizing this to this point, the

graph representation encodes quantum  ((3) )

states by directly linking them to emis- 0 10 l Op—o’

sion patterns of pair sources in co- D _ I I +

herent superposition. This is also the

most straightforward way of building | 2 3 2 3 2._.3A

the setup from a graph via Entangle- ) \

ment by Path Identity. Every edge o1 23 01 23 01 23
a a a A

represents a pair source, every ver- imiliEl

tex a photon path, and sources whose = +

edges share connection to the same ﬁ L1 [

vertex need to be perfectly aligned on 3

the corresponding path.  For coinci- (o 25 o031 23 031 23

dence detection, a detector is placed

at the end of each path. However, 7o = ek I B

the graph encoding can also repre- ‘ C 1L

sent linear optical devices like polar-
ising and non-polarising beam splitters,

Figure 6: Different ways to buid a
phase and wave plate;, or mode fil- setup from a graph. (a) 4-Particle 2-
ters [111]. Such devices changc? the  gimensional GHZ-state graph. (b) Setup
phase or mode of photons they inter- ooy on path Identity. (c) Setup based
act with ‘or the paths they can end ,, 1y optics using polarizing beam

up in. The graph represents the output splitters (PBS). Setups from Ref. [12]
state of the setup after all modifications Fig. |

are performed on the emitted photons.
Hence, any phase changes, mode flips
or path modifications are included by construction. A graph itself is agnostic to
the specific combination of optical elements used in creation but guarantees the
existence of a setup generating the state. Figure 6 shows two setups for the
GHZ-state creation graph already depicted in Figure 5, one based on Path Identity
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(Fig. 6(b)) and one based on bulk optics (Fig. 6(c)). This fact is crucial as
it allows the graph to represent many different setups achieving the same output
state, making it an efficient representation of search space of quantum optical se-
tups for optimization [11]. Note that the setup does not change when choosing
a different post-selection scheme, the graph represents the most general state the
setup produces through equation (3.10). [11, 12, 110, 111, 112]

Graphs and Beam Splitters For this thesis, one important feature of the graph
representation, is, how the representation of the state changes under the insertion
of a beam-splitter in two paths. To reiterate, the graph describing the output state
after the beam splitter also describes alternative ways of producing the output.
However, this graph transformation is used in later chapters to relate different
graphs to each other. In quantum optics, beam splitter relations are described in
the form of creation operators, hence, a beam splitter with input ports a,b and
output ports ¢,d is given by [90, p. 199]:

@) _B @) (3.12)

Where B is the unitary beam-splitter matrix. Hence, the creator in the path a is
transformed as:

' — Bgyel + By d' (3.13)
and in path b as:
bt — Bydet + By dt. (3.14)

K This means, that all photons in path a
now can be in path c¢ or d, with differ-
ent weights dependent on the B-coefficients.
The same holds for path b. Hence, in the
graph picture, all edges previously connected
to vertices a or b are now connected to

BOTH output paths ¢ and d, with appro-
priately adjusted weights. The beam splitter
adds edges to the graph as shown in Fig-

ure 7. The weights of the new edges are
transformed by multiplying the old incoming
edge weights with the beam splitter coeffi-

Figure 7: Graph transformation
under insertion of a beam splitter

cients:
weé;moaliml — weBaoéimoa,i,ml + ooeBToéL,mo a,T”nI (3.15a)
AT 1 AT 1 2T T
el ay weBj) e mody T+ weB | admyay m, (3.15b)

In later chapters equations (3.15) are used for the specific case of a beam
splitter with Bog =B =Bg = % and Bg, = —%. The here-described relation

between beam splitters and paths is introduced in Ref. [111].
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Encoding other Types of Experiments Not all interesting quantum optics ex-
periments revolve around state generation. For example, photonic quantum gates
apply unitary transformations to different input states. Hence, the experiment
has an input state and input-dependent output states. Similarly, state analyzer
setups have an unknown input state and need to confirm or deny the existence of
the measurement state. With appropriate modifications, the graph representation
can describe both of these cases. A concept for encoding incoming states is
required. This is achieved by declaring a set of vertices as incoming nodes, i.e.
the beginnings of paths where the input state will be supplied to the measurement
setup or gate. Edges connecting to these vertices are reinterpreted as a photon
being supplied into the path encoded by the second vertex of the edge. Via the
same mechanism, input nodes can also be used to describe single photon sources.
Edges between input vertices are forbidden. The design task for a specific mea-
surement or gate then uses the close relation between state generation and state
propagation, known under the Klyshko Advanced Wave Picture[116] or the Choi-
Jamiotkowski[ 1 1 7] isomorphism. In the graph representation, this isomorphism is
realized by the fact, that a stage generation graph using single-photon sources
generating the state |y) also describes a measurement setup distinguishing the the
state |y) via its projector |w) (yw|. [11, 12].

Graph Endcoding: It is convenient to choose different vertex geometries to dis-
tinguish between vertex types thus indicating how a graph is to be interpreted at
first glance. This encoding in table 1 is in accordance with the conventions of Ref.
[12] and then extended to 3D visualizations. Single-photon sources and output
vertices are omitted as they are not part of graphs shown in later sections. Many
experiments require more photons to realize the desired state than are contained
in said state. The additional photons are classified as ancillae and their paths have
their own vertex shape in the graph representation.

Vertex 2D encoding 3D encoding
detector vertex circle sphere
ancilla vertex square cube
input vertex triangle tetrahedron
Edge encoding
o—m/ e—e | photon pair emission process into the vertex paths
Ao photon traveling from an input vertex to a detector
4o edge with negative weight

Table 1: Graph encoding of experiments in 2D and 3D. Negative weights in
3D are encoded using polyhedrons as indicators replacing the diamonds used
in 2D drawings.

3.3 PyTheus

PyTheus [12] is an algorithm/library for designing quantum optics experiments.
It is an expansion and improvement of an earlier algorithm, Theseus [ 1], built
on top of the graph representation of quantum optics described in the previous
section. PyTheus can discover state-generation experiments, measurement devices,
photonic quantum gates, and communication protocols. It achieves this with a
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combination of gradient descent and topological optimization in the form of edge
pruning. PyTheus is the Al responsible for the artificial discoveries discussed in
this work. The following description is a summary from the PyTheus article Ref.

[12].

PyTheus Workflow The first step in discovering a new experiment with PyTheus
is to define the target and available resources. The target includes the type of ex-
periment, e.g. state generation as well as the type of optimization. PyTheus can
optimize for a specific state or for finding a state that has certain properties, like
maximizing a specific entanglement measure. The available resources specify the
number of detectors, their type, the dimension of the photons in the paths leading
to the detectors, how many ancillary photons are involved, available single photon
sources, environment vertices, and the number of input and output paths. For
state generation, an important part of the loss function is the fidelity, measuring
the overlap between the current graph state |@(G)) against the target state |y7),

F= |<L,UT\t,u(G)>|2. This is often combined with the count rate of the experiment,
the expected rate of positive outcomes. Single-photon sources and input nodes
implicitly impose topological constraints on the graph, by forbidding connections
between them. Additional restrictions can be added explicitly by choice, e.g. if
one wants to define two locally separated sets of detectors, such as in the case of
entanglement swapping. To this end, edges connecting detectors to be separated
are forbidden. Thus it is ensured, that the resulting experiment can produce the
state in those two vertices without the photons having interacted or sharing a
source. This instruction set defines the initial graph, the largest possible graph
the instructions allow, representing all possible experiments achievable with this set.
Together with the post-selection conditions, this defines the search space for the
particular query.

topological optimization
initial graph search result

continuous optimization

Figure 8: PyTheus optimization loop. After the largest possible initial graph
is constructed from the instruction set PyTheus alternates between optimizing
graph weights in continous optimisation and removing edges in topological
optimisation. When no edge can be removed anymore the search terminates.

Figure adapted from Ref. [I5]

The PyTheus optimization loop starting from the initial graph is conceptually
visualized in Figure 8. The first step of the search is to optimize the conditioned
weight function via gradient descent on all edge weights. In the second step,
an unnecessary edge is removed from the graph. These two steps are iterated
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over until no edge can be removed anymore without significantly increasing the
loss. Due to random weight initialization. the resulting graph is not necessarily
the sparsest possible graph. Hence, a single PyTheus query performs multiple
searches to attempt to find a graph as sparse as possible representing the desired
experiment. [12].

Discovery with PyTheus The principal application of PyTheus is the discovery
of new experiments. However, the scientific discovery process does not stop at
this step. Under the right circumstances, the experiments generated by PyTheus
can lead researchers to develop generalizations or even new experimental con-
cepts. As introduced in section 1.1 this is the main way PyTheus contributes
to true scientific understanding. The graph representation assists this greatly as it
abstracts experimental technicalities into simple graph elements, which through their
geometric nature can be more intuitively understood [112, 11, 12]. In the past,
using the graph representation has led to several generalizations like generalizing
We-states to any even photon count [112] or generalizing Dicke states to higher
particle numbers or dimension [12]. One more involved concept resulting from
a PyTheus discovery is the Hyperedge Assembly by Linear Optics (Halo) concept
[14]. This concept plays a role in the interpretations of the results of this thesis,
which is why it is explained in further detail here.

Figure 9: Graph generating |GHZ>2, edge weight signs are not explicitly
drawn. Vertices 0-3 from the creation graph for the state |GHZ )2 vertices 4-
7 are the ancillae required for the fourth dimension. They can be abstracted

to generate a single Hyperedge connecting the four vertices 0-3. Graph
adapted from Ref. [14].

In short: "a Halo [...] is a subsystem of a linear optics setup, which effectively
acts as a probabilistic multi-photon source.” [14]. It was discovered by searching
for a four-particle-four dimensional GHZ state using four ancillae, i.e the state:

!
74

The resulting graph, displayed in Figure 9, consists of two parts. One structure
is the well-known [110] graph for creating a 4-particle 3-dimensional GHZ-state

IGHZ)410000) = — (|0000) + [1111) +[2222) + [3333))|0000)  (3.16)

|GHZ>2. The second structure is constructed out of the four ancillae vertices. It
effectively mimics a source for a correlated four-photon state |0000) emitting in
the four paths encoded by the vertices 0-3. Hence, the ancillae structure can be
abstracted to represent a Hyperedge, and edge connecting more than two ver-
tices. As shown in reference [14], multiple such hyperedges can be combined to
add further dimensions to the GHZ-state in equation 3.16. Thus, the Halo sub-
graph represents an independent structure that can be reapplied to different setups
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turning it into a generalizable building block to achieve correlated multi-photon
emission in quantum optics. In the same work, Halos are identified and used for
generalization in other graphs, like high-dimensional entanglement swapping, and
high-dimensional CNOT-gates.

As the Halo subgraph mimics a
o probabilistic multi-photon  source, its
contributions to the state can be sorted
@ Q : info two categories, as is also described
® in reference [14]. This is illustrated
(b) ° for a three-dimensional entanglement
: :+ : swapping graph in Figure 10(a), a sim-
plification of the 4-dimensional graph
J shown in Ref. [14]. In the first
category, the mimicked source is not
emitting, i.e., the base graph the Halo
is attached to is unmodified. How-
ever, in reality, n-fold coincidence de-
tection is still performed on the Halo
vertices. Thus, the vertices constitut-
ing the Halo need their own indepen-
dent perfect matchings that, combined
with the perfect matchings of the base
graph, form the contributions where the
Halo is not emitting. Henceforth, this
type of matching is called the internal matching of a Halo This corresponds to
the second term in Figure 10(a). The single edge between the Halo ancillae
completes the matchings of the base graph as shown in Figure 10(b). The second
type describes matchings where the mimicked source is emitting, i.e. all vertices of
the base graph the Halo is attached to receive their photon from the Halo. This
corresponds to the first term in Figure 10(a) where the |22) state is supplied to
the central vertex pair. Perfect matchings inconsistent with one of these categories
must interfere destructively or be excluded by the selection criteria. In essence,
a subgraph only is a Halo when in all non-interfering perfect matchings of the
graph, the Halo either does not contribute to the base graph or provides photons
to all paths it is connected to.

Figure 10: Visualisation of perfect
matchings present in Halo graphs. (a)
Viewing the mode 2 (green) Halo, its
state is either by external (first term)
or intemal edge covers (second term).
(b) In cases where distinct subgraphs are
present (here marked green an blue) the
perfect matchings of the entire graph can
be abbreviated.

Due to their binary function, Halo graphs can also be used to illustrate a way
how to abbreviate perfect matchings in cases where they consist of matchings of
individual subgraphs. There, the entire set of matchings can be constructed from
tensor products of the sums of matchings of the subgraphs. This is illustrated
with a minimal example in Figure 10(b), where the two perfect matchings of the
greyed subgraph are abbreviated. This method is used in section 5.3 for graphs
consisting with excessive numbers of perfect matchings.

Examples like Halo demonstrate the power of the graph representation in de-
riving concepts from Al-discovered experiments. It represents the discovery of a
generalizable, multipurpose concept for quantum optics experiments through Inspi-
ration from Al results. However, the discovery also demonstrates the importance
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of spotting and rationalizing patterns in graph structure to achieve this conceptu-
alization. Hence, the step to a more intuitive and interactive visualization, like VR

is a naturally occurring pursuit. The tool developed for this purpose is presented
in the next section.
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4 AriadneVR

This section introduces the VR tool, AriadneVR, developed as part of this thesis
work. AriadneVR? is a web-based Virtual Reality visualization and analysis tool for
the graph representation of quantum optics experiments described in section 3.2.
It is built using A-Frame3, an open-source, freely available, HTML and Javascript
framework made for developing virtual reality web applications. A-Frame is based
on the Three.js* open-source 3D rendering library. Within A-Frame a variety of
open-source components exist, both officially- and community-maintained, allowing
for low threshold access to VR development. As a web-based application, the tool
requires no installation on the user device, but local- or web-hosting of a website,
e.g. via GitHub pages®. AriadneVR was developed on a Meta (formerly Oculus)
Quest 2, but can in principle be easily adapted to any VR device with sufficient
controller functionality by adapting the input button mappings on the code level.
A-Frame itself has implemented support for inputs from a variety of VR devices.

Performing graph analysis in VR is not a new approach and tools exist geared
toward displaying large networks representing complex databases such as VRnetzter
[73]. Such tools are purposes built for graph data analysis on a large scale, thus
requiring tethers to dedicated PCs to run. As PyTheus graphs are comparatively
small, this is not required for AriadneVR. The WebVR approach makes AriadneVR
very lightweight in setup, deployment, and development thresholds. Hence, it is
relatively easy for a non-expert in VR development, to start developing their tool
within the webVR framework. These aspects were the main reason for choosing
webVR and A-frame to develop a custom tool for PyTheus-generated graphs.

AriadneVR has been published as part of the preprint related to this work Ref.
[15] and is publicly available on the Artificial-Scientist-Lab GitHub®. A more
technical introduction to the software structure is given in Appendix B.

4.1 Setup and Workflow:

As mentioned AriadneVR needs to be hosted and served to the VR device via
a network connection. It then runs fully locally as a Javascript application in
the browser of the device. Information about graphs to be analyzed is stored
in JSON format on the host platform. All such available graphs can then be
visualized and analyzed from within the Virtual environment. To add graphs,
they need to be added to the host platform. As PyTheus output files do not
contain any positional information for vertices, a preprocessing step of finding
an initial layout is required when adding PyTheus-generated graphs. A layout
is defined using the spring-model-based Kamada-Kawai (KK) sorting algorithm
[118] pre-implemented in the igraph [119] library. This algorithm has been
chosen as it produces acceptable initial sortings for many PyTheus graphs. Pre-
processing is done before the graphs are added to the host serving the site.

2The tool is named after Ariadne, the wife of the mythical hero Theseus, whom PyTheus is
named after. She assists him in finding out the Labyrinth of the Minotaur with her famous thread.

3https://aframe.io/

4ht‘l:ps://threejs.org/

5h1:1:ps ://pages.github.com/

6https ://github.com/artificial-scientist-lab/AriadneVR
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AriadneVR does not have a built-in im-
plementation of a graph sorting algo- HOST
rithm. During the analysis, the user can
produce output files, e.g. to save cer-
tain graph configurations. These are
downloaded as JSON files to the user’s

device for storage. To reinspect, they add graphs serves site
need to be again added to the host to site / with graphs
platform. In the case of hosting via

GitLab pages, this process condenses to

pushing the new files to the hosting re- —

mote. The resulting workflow loop is tool m
visualized in Figure 11. output

AriadneVR is intended to be used sta- PC VR-DEVICE

tionary sitting at a desk for conve-
nience, but standing or moving use is
possible in a suitable environment.

Figure 11: Workflow visualization of
AriadneVR. Graph files preprocessed on
a standard PC are added to the host,
. which serves the website to the VR de-
4.2 G.ra.ph-e.ncoded E)fperlment vice. Any output files generated by the
Analysis in Virtual Reality tool are then extracted from the VR de-
vice to the PC, and can then subsequently

AriadneVR is an experimental prototype
added to the site via the host.

application for the analysis of graph-
encoded quantum optics experiments.
Hence, its feature set grew dynamically
from the basic visualization of graphs in
3D towards more interactivity based on
the experiences obtained from using it. Here, the final set of features as well as
the reasoning for their existence is provided to end up with a working VR-assisted
analysis workflow as depicted in Figure 12. It summarizes as such; First, the
user attempts to discover some form of structure in the graph, The goal is to
achieve an interpretable arrangement, allowing to link the graph to conceptual
ideas, either about the graph representation or the underlying physics. To test
their understanding and hypotheses the user can perform on-the-fly modifications
to the graph, to find generalizations of their concepts. If successful, this leads
to the manual design of new experiments in graph form. If not, a user can
use AriadneVR to define search geometries for PyTheus searches, to obtain more
examples for study in the quest for generalizable understanding. The feature set
enabling this workflow is outlined in the following sections.

4.2.1 Visualisation Features;

Encoded experiments have relatively small graphs, consisting mostly of single or low
double-digit vertex numbers (see. Ref. [12] for 100 examples). As previously
mentioned, the initial graph layout is chosen via the KK graph sorting algorithm
[118]. The choice of algorithm is not critical, as the layout is not static. The
small size of PyTheus graphs makes it feasible and effective to manually sort
a graph into any desired structure. To this end, the user can grab and move
vertices with the VR controllers to change the arrangement to their needs. This
sorting process has shown itself to provide an intuitive engagement method for
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interpret structures

manual discovery

customize the search space

Figure 12: VR-workflow, an Al-discovery is analyzed to find interpretable
structures. This can directly lead to generalization through manual discovery.
However, if this is not possible, the obtained structure can be utilized to define
template geometries for further Al searches. Figure taken from the preprint
related to this work Ref. [15], with permission of the authors.

learning structural information about an unknown graph’. Hence, it is chosen as
the main way of discovering structure over algorithmic approaches. This is entirely
dependent on the relatively small size of the studied graphs. Such a manual
approach will not be time-effective for large structures of hundreds of vertices.
The entire graph structure can also be moved and rotated to be examined from
all sides by gestures alone. The chosen scale of the graphs is roughly equivalent
to objects easily maneuvered in one or two hands. Hence, generally speaking, the
user will always see and interact with the entire graph. Again, this is possible and
effective due to the small size of the networks.

The current state represented by the graph is tracked on a spawnable data slate
in the form of all its perfect matchings (see Fig. 13(b)). If applicable, this slate
shows the target state of the original optimization. Other post-selection methods
are not currently implemented. The slate also allows spawning of the graph’s
perfect matchings as additional subgraphs via virtual buttons. These subgraphs can
be moved and rotated, however their vertices are not interactable. They instead
trace relative positional changes of the vertices in the main graph.

Thus, the visualization features of AriadneVR intend to allow the user to
engage with graph structure to find optimal geometries and derive interpretations
with no restriction on curiosity and creativity imposed by a fixed algorithmically

"This assessment is subjective based on my experience and has not been investigated quantita-
tively.
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Figure 13: AriadneVR user interface (Ul). (a) Base Ul including the controller
attached graph library and one spawned graph. For every spawned graph a
toggle spawns enabling editing. The control panel includes two basic buttons
for spawning a new one-vertex graph and switching the edit mode to colorless
edges (b) Ul with a graph active under investigation. On the right of the
control panel, buttons appear for graph saving, renaming or deleting, and
the creation of PyTheus instruction files based on the current geometry. The
movable data slate lists all current perfect matchings with pressable switches,
controlling the spawning of perfect-matching subgraphs, as well as the original
target state of the graph. For better quality, these screenshots are taken from
an emulator on a PC not from within a Headset.
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defined structure.

4.2.2 Exploration Features:

Beyond visualization, the tool allows functional modification of graphs. Via con-
troller interaction, the user can spawn and delete vertices, as well as add and
remove edges to or from the graph. Thereby the underlying experiment can be
freely modified. As an example, the process of adding an edge to a graph is
demonstrated in Figure 14.

These changes are live-tracked on the aforementioned data slate showing the
current state of the graph in its perfect matchings. Through this interactivity,
a user can explore the effects of changes to the graph structure. On top of
modifying existing graphs, the user can build up completely new ones if desired.
Thus the user can use intuitive drawing type interactions to test their hypothesis
about graph mechanism or attempt the design of new experiments utilizing their
obtained experience.

I I1I.

I ot odoe

.
-
.-
[T
B o0 --
-
|
-

new edge

vertex menu

edge weight
selection

Figure 14: Graph editing on the example of edge spawning. I. Interaction
with a vertex spawns a menu for selecting between adding or removing an
edge or relabeling the vertex. Choosing add edge allows color selection.ll.
After color selection a menu appears for setting complex edge weight via a
red selector movable on an Euler plane via the controller thumbsticks.lll. After
setting the weight the edge appears connected to the controller until placed
on a second vertex finalizing the editing process. For better quality, these
screenshots are taken within an emulator on a PC not from within a Headset.

The above-described graph editing is the basis for another feature, defining
search geometries in VR. Via a toggle (see Figure 13 (a)), the user can switch
the edge drawing behavior to forgo colors and weights to draw black edges.
AriadneVR can then produce a template of a PyTheus search instruction file,
where the search geometry is restricted to the current graph. Black connections
are unspecified and hence represent the full set of possible edges between two
vertices in the initial graph. Any colored edges in the template are taken as is
and completely define the permitted connectivity between two vertices.

The template is downloaded to the VR device and can then be used to start
PyTheus searches. It will require further input in other search parameters, for
example, the target state of the search, as the classical keyboard and PC setup
is far more suitable for typing than VR controllers. Optimization then happens as

30



normal on all edges of the created initial graph. With this feature, a user can
employ their obtained structural understanding to propose geometries of general-
izations and then have PyTheus confirm or reject those hypotheses. Thus, the
size of the search space can be reduced using human intuition, making the search
for generalizations more efficient. This constitutes a human-in-the-loop workflow,
where VR analysis assists the Al task. This process is demonstrated on examples
in section 5.2.

With the provided interactivity, AriadneVR matures from a visualization aid to

an interactive graph exploration tool, that can serve as an experimental playground
for a researcher to study the graph representation of quantum optics.
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5 Virtual Reality-augmented Discovery

AriadneVR has been used to inspect and analyze selected graphs produced by
PyTheus, most published in reference [12]. Special emphasis was placed on
the PyTheus solutions for efficient entanglement swapping, as a generalization
mechanism for the 2-dimensional 3-pair solution was discovered early in this work
based solely on the graph geometry. This case will be discussed in detail in
section 5.3. The first step in potential discovery is to search for candidates for
interpretable graph structures, discussed in section 5.1. Such discovered structure
is then used in section 5.2 to guide PyTheus towards discovering generalizations
using the corresponding feature of AriadneVR.

5.1 Interpretable Structures

As described in section 4, AriadneVR features a variety of interactive features
meant to ease graph analysis. A 2D desktop-based tool can be imagined with
the same type of graph editing features. One of the key differences between
AriadneVR and such an imaginary tool is the stereoscopic rendering provided by
the VR headset. This allows for the illusion of viewing graphs as physical 3D
objects and by extension provides intuitive access to structure. Previous discoveries
made with the graph encoding, such as the extension mechanism of W-state-
graphs [112] and Dicke-state graphs [12] and the Hyperedge Assembly by
Linear Optics (Halo)-concept [14] (see. Sec. 3.3) heavily rely on structural
properties of the involved graphs, rotational cylindric symmetry in the case of
W-states and hyperedge creation via subgraphs in the case of Halo. Hence, a
reasonable approach to making discoveries is to search for structures in graphs,
and subsequently to try to find useful interpretations of these structures.

5.1.1 Graphs with candidate structures for interpretability

A large portion of graphs discovered by PyTheus yield visually accessible structure
upon basic inspection and manual sorting. In this context visually accessible
refers to the presence of some order in the graph, be it revealing symmetries or
other structural features, like being able to define groupings of vertices based on
properties like vertex type or connectivity. It is not a strictly definable term and the
quality and appeal of any sorting is subjective to the user. Here, selected graphs
showcase the potential for improvement in visual accessibility to graph features
provided by AriadneVR. In comparison, the standard PyTheus circular 2D ordering
is also shown, together with the 3D ordering produced by the sorting algorithm
in preprocessing. This comparison is not made to illustrate the advantages of 3D
sortings over 2D sortings, as the standard PyTheus structure is not optimal for
most graphs. Rather, it is to show the readability advantage offered by structured
sortings in general, be they 2D or 3D. To underline this point the discovered
3D sortings were used to draw optimized 2D representations. AriadneVR offers
an intuitive way to discover these arrangements. Vertices are movable with two
hands in 3D space, edge crossing can be easily eliminated and the structure can
be investigated from all sides. Any 2D desktop-based tool would suffer from a
lack of 3D perspective and less efficient input methods, and cannot eliminate edge
crossings in non-planar graphs. All 3D-graphs are shown as renderings made with
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Blender 4.08 for better visuals.

Ground State of the 3-
Particle Spin-2 AKLT-Model:
This graph belongs to solid-
state physics-related states dis-
coverable by PyTheus [12].
[t describes the ground state
of the Affleck-Kennedy-Lieb-
Tasaki (AKLT) Model for 3
particles of spin 2 [120]. lts
graph has a striking structure
accessible in 3D. In the cho-
sen arrangement, the vertices
O0-3 are sorted on a trian-
gle perpendicular to the ancil-
lae plane. The connectivity of the vertices is highly symmetric with respect to the
ancilla and state vertex planes. No similarly accessible 2D sorting could be built
from the 3D structure in this case. (a): Standard 2D sorting. (b) Algorithmic
3D sorting. (d) Manual 3D sorting. This graph is not part of the Ref. [12] but
was discovered as part of the same work and is available on the PyTheus GitHub
graph library [121].

J

States with specific Schmidt Rank Vector With Pytheus a variety of new
3-particle states with specific SRV were discovered [12], among others for
SRV(5,5,4) (graph 26 in Ref. [12]) and SRV(7,3,3) (graph 29 in Ref. [12]).
Both are depicted below. Both graphs show symmetry in their structures both
in connectivity and for specific edges in edge coloring, which is not immediately
accessible in both their standard 2D and the automated 3D sorting. (a): Standard
2D sorting. (b) Manually optimised 2D sorting based on the manual 3D sorting.
(c) Algorithmic 3D sorting. (d) Manual 3D sorting.

8https ://www.blender.org/
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Yeo-Chua State Measurement: This
graph depicts a measurement setup of
the Yeo-Chua state discovered with
PyTheus (graph 84 in Ref. [12]) a
highly entangled state used for telepor-
tation of arbitrary two-qubit-states [ 12,
122]. (a): Standard 2D sorting. (b)
Manually optimised 2D sorting based
on the manual 3D sorting. (c) Al-
gorithmic 3D sorting. (d) Manual 3D
sorting. It is an example of revealed
symmetry by sorting vertices based on
their vertex type, in this case placing
detectors on a line and the incoming
photon nodes in a square arrangement
perpendicular to the line.

2D GHZ State Measurement: The
here depicted graph shows a measure-
ment scheme of a 2-dimensional 3-
particle GHZ-state. (a): Standard 2D
sorting.  (b) Manually optimised 2D
sorting based on the manual 3D sort-
ing. (c) Algorithmic 3D sorting. (d)
Manual 3D sorting. It serves as an ex-
ample of a graph with accessible stan-
dard sorting that can still be improved
via manual 3D sorting. As the AKLT
graph, this graph was discovered by the
authors of Ref. [12] and is available
on the PyTheus GitHub [121].

Maximizing Entanglement:  This graph
represents a state PyTheus found when
maximizing entanglement for all pos-
sible 3 qubit partitions of an 8 qubit
system (graph 43 in Ref. [12]). It dis-
plays maximal entanglement in 48 of
56 possible partitions [12]. It serves as
an example for a graph where manual
sorting, despite removing edge cross-
ings does not yield significant bene-
fit over the sorting already achieved
by the Kamada-Kawai-Algorithm. (a):
Standard 2D sorting. (b) Manually op-
timised 2D sorting based on the algo-
rithmic 3D sorting. (c) Algorithmic 3D
sorting. (d) Manual 3D sorting.



5.1.2 Visualizing Loops of Zero-Contribution

Many graphs exhibit destructive interference to produce the desired output state.
This requires two distinct perfect matchings contributing the same term to the
output state but with opposite signs. This interference can lead to interesting
frustrated multi-photon interference effects as demonstrated by recent experiments
[113, 114]. One way this can be constructed is by forming subgraphs containing
loops of even edge count, but negative accumulated weight along the loop:

BERE RS

A loop only classifies as such, if both incident edges have the same color at any
vertex of the loop, and any vertices not contained have one incident edge each.
The former requirement ensures, that the loop subgraph has two perfect matchings
representing the same state. The latter is required to guarantee, that the two
perfect matchings of the loop generate two perfect matchings of the full graph.
Destructive interference occurs, when one perfect matching of the loop has the
same weight with the opposite sign of the other, meaning that the total sign of
all edges along the loop is negative.

(a) |GHZ)% -analyzer ‘\:": ﬁ(b)
[113) = conilig%tion
A
@ ®_<> A
6} ViN

Figure 15: [llustration for loops of zero contribution. (a) 2D and 3D graphs
for the 4-dimensional GHZ analyzer (graph. 81 in Ref. [12]). (b) Example
for a loop of zero contribution, drawn both in 3D and 2D. Edges belonging
to the loop are highlighted. Figure adapted from Ref. [15].

Such loops are present in many graphs and can be intuitively discovered through
visualizing and superimposing the 3D models of two canceling perfect matchings
in virtual space. An example of a graph achieving all its destructively interfering
terms via loops is the four-dimensional GHZ-state analyzer (graph 81 in Ref.
[12]). It distinguishes the |GHZ)‘3‘-state (see. egn. 2.3) from other incoming
4-dimensional GHZ-states. A 3D model of the graph and one example of a loop
is shown in Figure 15.

Without a doubt, such loops are also easily visualized in 2D representations of
graphs, either via the same technique of superimposing perfect matchings in 2D
or by studying canceling pairs of matchings long enough”. However, this feature
was independently discovered by chance in VR, while sorting canceling pairs of

?In fact one of my supervisors Scren Arlt was aware they existed when | reported the find |
made in VR to him.
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matchings of a graph creating the \GHZ>2—state with 2 ancillae. It shows, how by
only being able to grab and move subgraphs, a new understanding of the graph
representation can be obtained by the user, even without looking specifically for it.
This is a case, where the 3D nature of VR is less relevant than the interactivity
the platform provides. The easy accessibility of loops of zero contribution through
VR is one of the results of this thesis published in the preprint related to this work
Ref. [15].

5.1.3 Discovery of a 2-dimensional Halo in a 3-particle 5-dimensional GHZ-
state graph

Through interactive visualization, a 2-
dimensional Halo (see. Sec. 3.3) is
found in the known graph for a 3-
particle 5-dimensional GHZ-state gen-
eration (graph 2 in Ref. [12]). Upon
further inspection, it reveals to be
closely related to a known Halo graph
of the 4-dimensional 4-particle GHZ-
state creation [14]. Henceforth, the
graphs are labeled with their state la- Figure 16: 2D GHZ graphs zn a circular
bels |GHZ)§ and GHZ)f1 according to layout.(a) \GHZ (b) !GHZ

equation (2.3). 2D representations of

both graphs are depicted in Figure 16. Both graphs require ancillary detectors
and involve eight photons in total.

N( (b)w
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Figure 17: Symmetrized sortings for |GHZ>§ and |GHZ>§. (a) |GHZ>%,
with one 2-dimensional Halo and 8 total photons (b) ]GHZ>§, with two 2-

dimensional Halos and 12 total photons. (For exakt definition of the graph
see App. A.l).

The |GHZ)§ contains a two-dimensional Halo, mimicking a source of the state
|0000) + |4440). This was discovered from the arrangement shown in Figure
1 7(a). The outer four ancillae constitute the Halo for central graph of three state
vertices and one ancilla. Its Halo nature is confirmed by the construction of a

| 2-photon graph producing the state |GHZ)§ by copying the outer structure of
]GHZ>§ once more, corresponding to adding two more hyperedges. The result is

depicted in Figure 17(b).
By comparing this graph to |GHZ>21 it is revealed, that they share the same
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core structure, a 4-vertex tetrahedron, with a differing outside vertex structure
on top (See. Figure 18(a) | and V). The core geometry is the well-known
4-particle 3-dimensional GHZ state graph [110] (see. Fig. 4) with a slight

modification in the case of the \GHZ)%. It reduces the particle count by declar-
ing one corner of the tetrahedron as ancilla by flipping all its modes to mode
O (blue). This find is also published in the preprint related to this thesis Ref. [15].

Upon further inspection prompted by this similarity, removing the edges corre-
sponding to one dimension of the hyperedge of |GHZ>_§> and moving into a similar
arrangement reveals that both graphs |GHZ>2 and the reduced Graph |GHZ>‘31 share
the same geometry. Hence, by explorative analysis in VR, it is shown, that ]GHZ}%

is not only a Halo graph but can also be derived from ]GHZ>Z1 with a few simple
modifications. This process is depicted in Figure 18 both in the abstract hyperedge
picture and with appropriate 3D sortings.

@

L RN

Figure 18: Transformation of the |GHZ)4-graph to the |GHZ>§-graph. (a)
3D visualisation of steps [-V (b) Abstracted hyperedge visualisation of steps
I-V. Modifications on edge structures are drawn with reduced opacity for
steps [I-IV. I: Initial \GHZ)Z‘ graph with 4 ancillae providing the 0-mode
hyperedge. Il: Core ]GHZ)i—graph highlighted within the ]GHZ}f{ graph. llI:
Core |GHZ>§—graph highlighted within a |GHZ>§-graph resulting from a mode
flip to O of all incident modes on one vertex of graph Il. IV: Insertion of
4 0-4 mode edges into graph Ill between the core and outside structure
to construct the second dimension of the hyperedge providing mode 4. V:
Final |GHZ)3-graph with two 4 vertex hyperedges of mode coloring 0-0-0-0
and 4-4-4-0 utilizing the same ancillae detectors and connections for the
last shared O-mode photon creation processes. Differences in edge weight
signs between the steps are due to freedom during optimization and are
inconsequential to the final output of the graph.
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5.1.4 Conclusions on Finding Interpretable Structures

The section above focuses on the discovery of structure in PyTheus graphs.
Although this can be done automatically with graph sorting algorithms with ac-
ceptable results in some cases, VR allows the user to rely on natural perception
skills to find ideal structures easily. Whether these structures are interpretable or
not, depends on the background knowledge of the user. Here, two cases are
presented where structural features can be interpreted. Loops of zero contribution
are a general feature of the graph representation, whereas the relation between
the two GHZ graphs is more specific. It is of note, that multiple useful sortings
for a single graph can exist, depending on the feature they highlight. An example

is the |GHZ)3 state. lts first sorting (see. Fig. 17(a)) nicely reveals a symmetric
two-dimensional Halo structure. However, this sorting somewhat obscures its full

relation to the |GHZ>2 graph, highlighted better in the arrangement of Fig. 8.
The similarities of the core structure are clear in both, but the relation between the
Halos is not obvious from 17. This arrangement in turn, hides the symmetry of
the 2-dimensional Halo. More relations like this one are likely present in already
discovered PyTheus graphs, only waiting to be discovered. As demonstrated here,
AriadneVR could be used as an efficient tool to scan for these. In conclusion,
AriadneVR has shown itself to be very helpful in finding structures in graphs use-
ful for domain experts with background knowledge about the underlying physics.
However, interacting with the structure can also lead a user to a general insights
of the graph representation, independent of the specific represented physics and
background, as in the case of loops of zero contribution.

5.2 Steering PyTheus by Geometry Based Constriction of the Search
Space

In some cases, graph geometry immediately hints at possible generalization pat-
terns. Example cases for this are the graphs of Dicke-states [12], W-states [112]
both with or without single photon sources, and multipair entanglement swapping
[12] (discussed in detail in section 5.3).

All of these graphs have shown themselves to be scalable to high photon counts
based on simple graph construction rules based on patterns observed in the initial
examples.

As demonstrated in section 5.1 many graphs can exhibit patterns or symme-
tries. However, especially for more complex graphs, it can still be a difficult task
to manually generalize to higher dimensions and photon counts due to the large
combinatorial space of possibilities involved. Every edge added on top of a pre-
existing edge adds another full set of perfect matchings, i.e. terms contributing
to the output state. In d-dimensional graphs, every connection added can be one
or a set of d? edge possibilities without taking edge weight into account. With
these simple considerations, it is easy to see how quickly the possibilities for graph
extension can become incomprehensible, even if one is restricted by a hypothesis
for an extension pattern. This is especially troubling in cases where there are not
multiple initial scaling examples available to derive a pattern from. The search
for such examples can be made more efficient by applying constraints to a graph.
This is a routine part of PyTheus optimization to encode wanted features of the
target state or graph type [12].
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Figure 19: Workflow of steering PyTheus searches based on geometries
extrapolated from pre-existing PyTheus solutions. I. First, Pytheus finds a
solution for an experimental task. Il. Second, AriadneVR is used to discover
a graph structure that is then used to define a search geometry for a gen-
eralization. Ill. Third, Pytheus optimizes this restricted geometry to discover
a generalization. The depicted graphs are from the GHZ analyzer discussed
in section 5.2.2. Figure adapted from the preprint related to this work Ref.

[15].

For example, as mentioned previously, in measurement or gate graphs, where
input and/or output vertices exist, no connections are allowed between different
input/output vertices. However, constraints can be motivated by other considera-
tions. One possibility is proposing the geometry for a graph extension based on a
previous example. Incidentally, this is how the first extension of the 3-pair entan-
glement swapping graph (see section 5.3) from three to five pairs was discovered.
As described in section 4 AriadneVR has inbuilt support for formulating this type
of geometry hypothesis by allowing the user to draw edges with undefined col-
ors, and automatically creating constrained PyTheus instruction file templates. As
an interactive VR platform, it is well suited for discovering possible geometries
in graphs, as demonstrated in section 5.1, and defining their extension through
intuitive drawing. This approach combines the strengths of PyTheus, efficiently
searching a combinatorial space for a solution, and the strengths of human per-
ception, recognizing patterns in complex structures, to more efficiently search for
new solutions based on existing ones, constituting a case of a human-in-the-loop
application. VR here acts as a platform serving the data to the human in a
format well accessible to them. The thusly created workflow is visualized in Figure
19. However, it also has two obvious drawbacks, firstly, it is only justified while
computing cost is a relevant factor in optimization, secondly, the human-defined
search geometries can be too restrictive, excluding potentially interesting results
from the search space, even if solutions are still found within.

5.2.1 2-dim. GHZ-state analyzers

As mentioned above, the method of searching on geometries constrained by
human intuition or ideas predates the existence of the corresponding feature of
AriadneVR. The first case where AriadneVR was actively used for defining search
spaces is the discovery of GHZ-state analyzers in two dimensions based on the
graph showcased in section 5.1.1. This case serves as a proof of concept as
there are already schemes for extrapolating particle numbers of two-dimensional
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Figure 20: Graph Geometry-based search for particle number extension of
a two-dimensional GHZ-state analyzer. (a) PyTheus discovered base graph
in 2D and 3D. (b) Generalised search geometry for a four-particle GHZ-
analyzer in 2D and 3D. Black edges represent all possible edges present in
the initial graph for the search. (c) Smallest graph resulting from the search
featuring only twelve edges, however, not mapping on the search geometry.
(d) 20 edge graph search result mapping perfectly on the proposed geometry
candidate. The search geometry and results are available as edge lists in
App. A.2.

GHZ-state analyzers to arbitrary size [123, 124]. Such GHZ-states are defined
for any particle number n as follows (also see. equation (2.3)):

I n n
IGHZ)2 = — X 10) + ) | 1) (5.1)
AP0

The state normalization is omitted in the graphs presented here to allow for edge
weights of £1.

The base graph for this search is an analyzer for the simplest GHZ-state (see
equation (5.1) for n=3), and is depicted in Figure 20(a). It shows a clear
pattern of having every detector connected to every input node and no ancillary
connections between the detectors. Vertex 4 features double edges.

A logical extension to increase the particle count of this analyzer is to add one
input node and one detector while keeping the connectivity pattern observed in the
base graph, as depicted in Figure 20(b). Searching on this topology is successful
and leads to a variety of graphs with perfect fidelity, meaning they can perfectly
distinguish the four-particle GHZ-state versus other incoming states. Two of those
results are of note. Firstly, the sparsest graph found by the search containing
of twelve edges. It is depicted in Figure 20(c), a highly symmetric solution that
does not coincide with the intended geometry extension. However, the search
also revealed another solution, shown in Figure 20(d). This graph features the
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connectivity of the assumed generalization. The exception is the placement of the
double edges. In this result, one input node (vertex 3) has double edges to all
detectors instead of one detector to all input nodes. It confirms that the proposed
geometry is a correct extension of 2-dimensional analyzers, even if it does not
represent the sparsest possible one.

5.2.2 3-dim. GHZ-state analyzers

This section describes the method on a more complex example, the three-particle
three-dimensional GHZ-state analyzer depicted in Figure 21(a) (graph. 80 from
Ref. [12]). Even though it is highly symmetric, it has a more complex geometry
than the two-dimensional analyzer and requires five detectors, meaning on top of
the three incoming photons two ancillary photons are created within the analyzer
to allow full distinction of the desired GHZ state (see also equation (2.3)):

IGHZ)3 = 1000) + |1 11) 4]222). (5.2)

Contrary to the two-dimensional analyzer search described in section 5.2.1, a
four-particle geometry extension is not as clear. This is in part because a larger
analyzer likely requires additional ancillae whose connectivity to the already exist-
ing detectors is not clear. Hence, instead of simply expanding the current graph
with some additional nodes and edges, a completely new template is drawn fea-
turing four input nodes and eight detectors, resulting in four ancillary photons.

4 (b)\ 4 (c)\

. \_

Figure 21: Graph Geometry-based search for particle number extension of a
three-dimensional three-particle GHZ-state analyzer. (a) PyTheus discovered
base graph in 2D and 3D. (b) Generalised search geometry for a 4 particle
GHZ-analyzer in 2D and 3D. (c) Successful search result of a four-particle
three-dimensional GHZ-state analyzer, based on the search geometry, however
displaying sparser connectivity than the geometry. The search geometry and
results are available as edge lists in App. A.3
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The template is shown in Figure 21(b) and follows the general geometry of the
three-particle analyzer in Figure 21(a), but is relatively loosely restricted on some
detectors. It also makes no assumptions on the coloring of any edge.

This approach hence does not constrain the search space nearly as much as
the approach of the two-dimensional analyzer, where most edges of the search
geometry have defined colors. However, it still reduces the edge count of the
initial graph by 50 compared to an unconstricted search from 124 down to 74
edges. This graph is then optimized for the four-particle extension of the state in

equation (5.2) ]GHZ>Z. The search is successful and results in the graph shown
in Figure 21(c). Unfortunately, this result is not nearly as symmetric as the base
three-particle graph of the search. This is presumably due to the loose restrictions
on some of the nodes in the template, not enforcing symmetries. This is evident
in the fact, that the search turned up a variety of solutions featuring slight
variations in connectivity patterns. A set of more restrictive geometries has been
tried but led to no search success. The result of this search does not easily hint
at generalizations to more particles. Hence, deriving a scalable three-dimensional
GHZ-state analyzer would require more study and further searches. These graphs
are significantly harder to project on 2D than the two-dimensional analyzers and
turn out much less legible, as seen in Figure 21. Here, the three-dimensional
environment assists substantially in extracting and defining geometries.

5.2.3 Conclusions on Steered PyTheus Discoveries

In this section structure discovered in VR is used to generalize tasks using PyTheus.
It is achieved by restricting the search space based on geometric intuition by defin-
ing initial graphs. Although this has merit on its own, as it makes the search more
efficient, the ultimate goal is to obtain the necessary examples to be able to derive
schemes for generalization that do not require the Al search anymore. For the 3D
analyzer, this is an unresolved challenge using the obtained result. Potentially a
general extension pattern could be derived from the discovered solutions, but this
has not been achieved within the scope of this thesis. Presumably, further study
of the 3-particle analyzer is needed to design a better search geometry for search
results that form better examples for extension patterns. However, as many graphs
exhibit structure, as demonstrated in the previous section, it can be conjectured,
that this method has a lot of potential to find generalizations of complex graphs.
This can be done before the required understanding for manual extension is ob-
tained, which could then be made easier through more available examples. This
section is showing that it is possible to discover new results based on intelligently
defined search spaces. AriadneVR plays a crucial part in this process, both in
finding and rationalizing structure in the first place, and then defining the search
geometry.

5.3 Resource Efficient Multipair Entanglement Swapping

The main work of this thesis was performed in analyzing and constructing graphs
of entanglement swapping experiments. An introduction to the topic of entan-
glement swapping is given in section 2.2. The relevant graphs non-locally create
multiple maximally entangled photon pairs. Hence, they are generally referred
to as multipair entanglement swapping. Pair photons are not allowed to share
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photon sources, to ensure non-local creation. This is fundamentally different from
multiparticle entanglement swapping [32], a process where a single entangled
multiphoton state is obtained, briefly touched upon in section 2.2. This allows
more than two parties to share an entangled state, contrary to multipair entan-
glement swapping where two parties share many entangled states. This analysis
was not exclusively performed in Virtual Reality but describes a case augmenting
the process with the tool. During analysis, AriadneVR was repeatedly used for
visualization and to confirm or reject hypotheses about the underlying mechanisms
of graphs by testing them with quick graph edits. For simplicity the weights of all
graphs in this section are | or -1, leading to states that are not normalized. This
includes the Bell states mentioned.

5.3.1 Three Pair Entanglement Swapping

The basis for this analysis is a graph discovered by PyTheus and published in
reference [12] as graph 77. The total state of the graph is:

‘®+>ao,bo ‘¢>:1 rbl ‘(I)+>a2,b2

(5.3)
® |OOOO>C0,C| ,€2,C3

Here, the subscript labels are chosen to align with its depiction in Figure 22. The
Vertices can be grouped into three parties, named by popular convention Alice,
Charlie, and Bob, labeled with ag — ay, bg — by, and ¢y — c3 respectively. In the
graph layout of Figure 22, horizontally aligned vertices belong to the same party,
top row being Alice, mid row Charlie, and bottom row Bob. Vertically aligned
photons form a non-locally generated Bell-pair (aj,b;). As there are no edges
between Alice’s vertices and Bob's vertices, none of Alice’s photons originate in
the same sources as Bob's. The four photons Charlie detects are classified as
ancillae. Hence, this graph non-locally creates three entangled photon pairs shared
between Alice and Bob in the Bell state |®*) while requiring the measurement of
four additional photons by Charlie.

VYAV RAENNEY,

0 1 2
@ V’v’ [11) |11) [11)  |11) |11) [00)  |11) |00) [11)  |0O) |00) |11)
C 3 =

b 01 AN Yow

2 N //\ —e N NN N

[00) |11) |11) [00) I11> |00) |11) [00) [00) |00) |00) |00)

Figure 22: Graph 77 from reference [12] with its eight perfect matchings.
Detectors are split into three parties, Alice, Charlie, and Bob, and labeled
ag — ap for Alice, cg — c3 for Charlie, and by — by for Bob. Post-selected on
coincidence in all detectors every pair a;, b; is in the state |®*). Ancilla states
are omitted from the ket-labels of the perfect matchings.

For regular entanglement swapping the number of ancillary photons per pair is
two (see. Sec. 2.2), meaning for three pairs six ancillary photons are required.
This increased efficiency is the reason this graph is of interest. As already touched
upon in section 3.2, resource efficiency in terms of total photon number is crucial
for the scalability of these experiments due to the stochastic nature of the involved
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photon emission processes. Essentially, the more crystals have to emit at the same
time for an experiment to succeed the less likely it is to happen in a specified time
frame. Beyond this practical advantage, there is also the fundamental question
about the origins of this increased efficiency. The central questions are firstly,
how this increased efficiency is realized, i.e. how is the non-local correlation
brought into existence without an independent messenger particle per pair photon,
and secondly, if there are fundamental differences beyond the increased efficiency
between this version and the standard version of entanglement swapping.

5.3.2 Generalization to Arbitrary Odd Pairs

Automatic sorting using the KK-
algorithm [118] produced the chain-

0 1 2 3 4
@ like structure in the graph displayed
c 0 ’ 0 ’ 0 5 in Figure 22. The authors of Ref.
b [12] then used this knowledge to
0 1 2 3 4

search for five-pair entanglement swap-

Figure 23: Five pair entanglement swap- P9 based on an extension of the
ping. Detectors are split into three par- chain, very similar t? the me‘thod shon-
ties, Alice, Charlie, and Bob, and labeled €ased in the previous section. This
ag — a4 for Alice, co— cs for Charlie, and search has proven succe§sfuI. and re-
bg — by for Bob. Post-selected on coin- vea}led the graph shown in Figure 23.
cidence in all detectors every pair aj, b; is This graph creates the state:

in the state ‘CI)+>. }(I)+> i ‘CI)+> i
ag.,bo ap.b

}¢)+>a2,b2 ‘(I)+>a3,b3 ‘(I)+>a4,b4 (54)
© |000000)

€0,€1,€2,€3,€4.C5

It non-locally generates five Bell pairs requiring six additional photons. With this
second example, the experimental scheme can be generalized to arbitrary odd-pair
numbers by observing and extending the pattern in the graph. This pattern consists
of three subgraphs, depicted in Figure 24. These subgraphs are now analyzed in
detail to understand how they contribute to the total output state.

& 1> S

Figure 24: The three subgraphs contributing to the multipair entanglement
swapping graphs. Ancillas are black, Bell pair photons cyan, and additional
photons grey. All grey edges can be colored arbitrarily, but all incident edges
at the grey vertex need to share the same color. The three graphs all create
one non-local Bell-pair at the cyan vertices. I. [-pair swapping (graph 76
in Ref. [12]. Il. |-pair swapping with two additional photons. lI. [-pair
swapping with four additional photons

Subgraph I: Single Pair Entanglement Swapping The first of these subgraphs
(see Fig. 24 1.) is actually a known one-pair entanglement swapping graph (graph
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76 in Ref. [12]). It generates a single Bell pair using two ancillae. It appears
at every even-numbered pair of the three and five-pair solutions.

0
a
co 1 = ’(I)+>ao,bo 100),, ., (5.5)
b

0

In Ref. [12] this graph is presented as entanglement swapping without requiring
initial Bell states due to it only requiring sources of correlated pairs. However,
the graph can also be understood to represent a slightly modified version of
the standard entanglement swapping experiment using two initial Bell states (see.
Sec. 2.2). It can be reached by applying filters and half-wave plates after the
beam splitter in the standard setup. This transformation is depicted in Figure 25.
PyTheus finds the transformed graph instead of the original one due to it firstly
assuming ancillae to always be in mode O, and secondly due to the smaller size
of the filtered graph. This is a remarkable example of how efficient the graph
representation is in encoding vastly different setups in the same graph. One must
note, that the transformation in Figure 25 is not unique, and constructing an
entanglement swapping experiment in this manner is not advisable as the filters
reduce the count rate of coincidence events by a factor of two. Regardless this
interpretation is chosen here for its close relation to the original entanglement
swapping experiments. As shown in Figure 25 this interpretation also allows for
the definition of pre-swap states, which is not possible in the Path Identity ver-
sion. This is due to the fact, that the Path Identity version does not require a
Bell-state measurement to non-locally entangle the pair photons. It creates the
entanglement after all sources through the path alignment.

The derivation of the transformation is as follows. The initial state is chosen

as (See. Fig. 25 L)

‘¢+>b0,CO ‘\I/_>30,C1 (56)

To avoid complex weights a dielectric beam splitter is inserted:

el el +el (5.7a)
et el —ef (5.7b)
Normalization has been omitted to keep all edge weights to + 1. Thus the
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Figure 25: Graph and Setup transformation from standard entanglement
swapping to subgraph I. I. Pre-swap graph, see eq. (5.6). Cyan vertices
represent the pair to be swapped. Il. Insertion of a beam splitter (BS) on the
ancilla paths with subsequent coincidence measurement performs the swap to

the state [27), , “I’coc,>' Ill. Insertion of a Ol fiter after the beam-splitter

deletes excess edges in the graph, projecting on | term of the ancilla Bell
state. IV. Finally, flipping the mode of the c¢| ancilla via a A/2-plate to reach
the first subgraph of the multipair solutions. See eq. (5.5).

state evolves to:

= ‘(I)+>ao,b0 ‘\Iji €o.€1

For all creation operators, the second index specifies the mode number. Here,
the 4-fold coincidence criterion is used to omit terms with two photons in the
output paths of the beam splitter. In the graph representation, the beam splitter
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copies the connectivities of the input nodes (see. Sec. 3.2) resulting in the graph
of Figure 26 Il. Filtering the output ports to |O1) and subsequently flipping the
mode of the photon in path ¢ leads to the output state of equation (5.5) and
subgraph .

Subgraph Il: Two Additional Photons The second subgraph (see Fig. 24 II.)
appears in two variants at the ends of the chain of the three and five-pair solution.
The left-hand closure is a mirrored version of the graph depicted in the figure. It
creates a non-local Bell pair with two ancillae plus two additional particles in an
arbitrary product state ]qp

} >' = [27) 160 100)coc, 19P)2 b, - (5.8)

Upon inspection of the multipair graphs in Figures 22 and 23 it is evident that the
graph shares the edges connecting the Bell pair photons ag, by to the ancilla ¢
with the first subgraph (see. fig 24 I.). Potential pre-swap states for this solution
are more complicated. They can be reverse-engineered from the consideration,
that as subgraph | and subgraph Il are superimposed in the final graph, there should
be a setup where the measurement setup on the ancillae paths is the same. l.e.
there should exist a transformation from an initial state to the desired output state
that involves the passage of a beam splitter and subsequent filters plus a mode
flip. It is likely that other setups with different pre-swap states exist that still allow
the superposition of the graphs.

It is possible to find pre-swap states by reversing the transformation that was
applied in the derivation of subgraph |. The process from the pre-swap state
to the output state is shown in Figure 26. The pre-state for this subgraph is
fundamentally different from the one of subgraph |, as it does not have a well-
defined particle count. To perform swapping, both Alice's pre-state and Bob's
pre-state require one photon of Charlie in their pre-state. Thereby the total
number of vertices in each pre-state is three, meaning no perfect matchings exist.
As the final graph after the swap has six photons, the most general initial state
for one party is the superposition of all two and all four-photon states. This
superposition can lead to the final selection of either two photons from Bob's, and
four from Alice's pre-state, or vice versa. However, with the knowledge that the
final output is post-selected for coincidence in all detectors, this can be significantly
simplified to all two and four-photon states that have one photon in the a and b
paths and up to two photons in the ancilla paths c. This uses the knowledge of
the intended beam splitter transformation on the c-paths during the transformation.
The photon number in a and b paths is unchanged by this transformation, and
as the beam splitter is lossless, the only way to obtain two output photons is by
considering all possible combinations of inputs 0-2, [-1, and 2-0. With these
considerations, the initial state represented by the Graph shown in Figure 26 1. is

[‘ Iq>ao,a| |q0>al <l ‘ >a0,c|} ® [’OP>bo,b| T |Po>b|’co ‘(I)+>bolco} (5-9)

This state is now propagated through the same beam splitter given by equations
(5.7). However, only 2+4 or 442 particle number combinations from equation
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Figure 26: Graph and setup transformation for subgraph Il. Cyan vertices
represent the pair to be swapped. I. Initial state with not fully defined particle
count (see. eq. (5.9)). Il. Beam splitter (BS) insertion with subsequent
coincidence detection projects the ancillae into the Bell state |®"), completing
the swap. M. Filtering the ancilla Bell state on |01) reduces the edge
count. IV. Insertion of a A/2 plate to tun the ancilla state into |00). 6-fold
coincidence post-selection now leads to the state given by eq. (5.8). Greyed-
out edges do not contribute.

(5.9) are relevant as 2+2 or 444 cannot lead to 6-fold coincidence. Hence, the
incident state on the beam splitter is:

|Iq>a0'al |PO>b],CO |@+>bo,C0 o |Op>b0,b| |qo>al,cl ‘\I,_>aO:CI ; (5 l O)

or, switching to creation operators for convenience:

(5.11)

. 2 ...
at 4t oAt T TRt AT T
+ag1d| 4 |:bl,pb0,0 (Co,o) +b) ,bg CO,OCO,I] vac)

The quadratic terms of ancilla creators have the same prefactors, hence factorize.
Their contribution after the beam splitter defined by equations (5.7) is:

2 2 2 2 2 2
of of of ot ot ot N5 o (s of
(Co,o> + (CI,O) - (Co,o + CI,O) + (CI,O - Co,o) =2 (Co,o) +2 (CI,O)
Thus, no coincidence in the output paths of the beam splitter can come from

these terms. Removing the corresponding terms from equation (5.11) the state
becomes:

SN PN PN RPN PN | T 4t BTOAT At AT
- [bO,ObI,paI,an,OCI,OCI,I} + [aO,I al,qbl,pbO,ICO,OCO,I} |vac) (5.12)
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Therefore, after the beam splitter the final state is derived as follows:

—b,obl 521 g2 o¢h of] 1 vac) + &b &] b ,bf 1€tk Ivac)
- E’Z),ole péJlr,qé(J[),O (Jg 0~ &I),o) (éTI,I - 62),1) |vac)
+ab,4] q[’Tl,p[’I),l (Ago T aT1,0) (68,1 + C],I) [vac)
=bbob! a1 430 (éTl,oétT),l + 650&,1) [vac)
+4g,,a] b} b, (68,051,1 + 6T1,0623,|> [vac)

= ’qp>a],b] ‘q)+>ao,bo ’\IJ+>CO:CI

The corresponding graph is shown in Figure 26 Il. After applying filters and the
mode flip as before the correct desired subgraph is obtained producing the state
of equation (5.8). In the setup present here, the crucial step for the creation of
the non-local Bell state is the destructive interference of coincidence contributions
from the quadratic creator terms in equation (5.11). This interference removes
the processes where the ag and by photons are in opposite modes.

Interestingly, the final contributing terms correspond to cases, where Charlie's
photons come either both from Alice or both from Bob. In the I-pair cases, Charlie
always receives one from each, although it is unknown which by whom. However,
performing swapping with two extra photons comes at a cost. In the standard
I -pair case, once Charlie successfully measures his Bell state, and communicates
this result to one party, e.g. Alice, they together can confirm a successful swap.
l.e. once Alice has confirmed the existence of her photon, Charlie and Alice can
herald Bob's photon state because they know it is entangled to Alice’s photon. In
the scheme described in this paragraph, Alice and Charlie, cannot guarantee the
existence of Bob's photons, even if all their measurements have been successful.
Hence, they don't know if Alice’s photon is part of an entangled pair or not.

Technically, the graph obtained via the beam splitter transformation has two
extra edges, not part of subgraph Il, as shown in Figure 26 II-IV. They do not
contribute to perfect matchings of the graph, however, they show how subgraph
| can be automatically embedded in subgraph Il when following this derivation
method. This is by design of the initial state. By loosening the conditions on
the initial state to also include terms where the paths a; and b; do not contain a
photon, but all others do, the pre-state is amended by the term of the pre-state
of subgraph | given by (5.6). Pre-filter, the combined post-swap state does not
factorize, due to the different Bell states, however, post-filter, the output state can
be written as

[©) 060 1000coc, (V<) 5, +1aP)a b, ) - (5.13)

Note, conditioning the graph on four-fold coincidence in the vertices ag, by, cg, ¢
leads to additional terms with two photons in a; and O in by or vice versa omitted
in equation (5.13). They are excluded, once n-fold coincidence post-selection is
used on all vertices of the full swapping graph. Thus the output state of equation
(5.13) describes the contribution of the state with the full graph, not the output
of the structure taken independently.
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Constructing 3-Pair Entanglement Swapping With the knowledge of the previous
two paragraphs, one can already construct the state of the 3-pair graph from Figure
22, by taking two copies of the combination of subgraphs | and Il and merging
at the a;, b, vertices. The 3-pair state can then be constructed as such:

D(I)+>ao,bo ’OO>c0,c| (Wac>al,b| + \qp>a|,b1>]
@ [|2%),5,100), ¢, (Va<),, b, + 9P ) 5, )] =

27 a0 |2 )y (’V3C>a|,b| +19P)ay b, H1TP o b, + ’qpqlpl>al,bl,al,bl)
% 0000}

€0,€1,€2.,€3

By post-selecting on ten-photon coincidence the state transforms to:

‘¢+>ao,bo |(I)+>32,b2 (|qp>a|,b| + ‘q,p/>a|,b|) ’OOOO>COJC|!C2’C3

Now one chooses g=p=0;q =p’ = | to arrive at the output state of equation

(5.5):
‘(I)+>ao,bo |(I>+>a2,b2 (|Oo>a]:bl +1 ]>alrbl) |OOOO>CO,C1£2£3

One potential setup for the 3-pair graph consists of two copies of the setup shown
in Figure 26 IV. The final output state is created by making the a;,b; paths
identical of both setups. Thus, the third entangled pair is created via the super-
position of two additional photon pairs, created non-locally by two independent
| -pair entanglement swapping experiments. The two ancillae used in the [-pair
experiment are not able to create a fully independent entangled additional pair,
but they can correlate two photons emitted by different pair sources as exhibited
by subgraph Il. Hence, the combined graph from subgraphs | and Il acts as a
| -pair entanglement swapping setup, and simultaneously as a probabilistic non-
local correlated pair source. Superimposing the emission of two such pairs then
generates a third entangled pair. This pattern is visible in the perfect matchings
of the 3-pair graph (See Fig. 22). All perfect matchings are combinations of
perfect matchings from either subgraph | on the left end and subgraph Il on the
right end or vice versa. From the two perfect matchings of each subgraph this
creates the eight matchings required for creating three entangled pairs.

Subgraph lll: Four Additional Photons To generalize to arbitrary odd pair num-
bers subgraph lll from Figure 24 is required. In essence, this is a further adaption
to the second subgraph to create four additional photons instead of two. It
appears in the center of the five-pair solution (see. Figure 23. lts state is given

by:
1 0 2
a
c oE { = ®7) e, 1P)a 0 [GP ) oy, 100)cyc, - (5.14)
b
1 0 2

with arbitrary g,p,q’,p’. Thus it generates on non-local Bell pair and two addi-
tional non-local correlated photon pairs at the cost of two ancillae. This graph
does not share edges with subgraph |, instead, subgraph | is fully embedded in it
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Figure 27: Graph and setup transformation for subgraph Ill. Cyan vertices
represent the pair to be swapped. I. Initial state of two independent entangle-
ment swapping experiments (see. eq. (5.15)). Il. Insertion of a Beam Splitter
(BS) in paths ¢y and ¢, with coincidence detection swaps entanglement to
ap, bo Mll. Filtering the ancilla Bell-state on |01) reduces the edge count. IV.
Insertion of a A/2 plate to tumn the ancilla state into |00). 8-fold coincidence
detection produces the state of eq. (5.14).

in the central piece of the chain of the 5-pair graph in Figure 23. Therefore, as
with subgraph Il a pre-swap state can be derived by reversing the transformation
on the setup shown in Figures 25 and 26.

The obtained pre-swap state is given by the graph in Figure 27 I

o ‘CI)7>ao,c| |qq/>a|,a2 ‘qj+>bo,co ‘pp,>bl,b2 (5 I 5)

It consists of two modified copies of subgraph |, one shared by Charlie and Alice,
and one by Charlie and Bob. The edge colors are modified to produce different
Bell states to subgraph | in the ag,c; and bg,cg paths respectively. Hence,
this pre-state can be interpreted as the result of two independent entanglement
swapping experiments, where a;,a; and b;,b, are used as ancillae. As both cg
and c¢| are each one partner of a Bell state, the insertion of the beam splitter just
creates a regular entanglement swapping setup, although with different incident
Bell states compared to subgraph |. As before, using the beam splitter defined by
equations (3.15), the state transforms as such:

- + St (ot ol St (st et
2 ) e [¥ Dby [_ao,o (CI, _Co,o> +a, <C1,| _CO,I)}
_l’_



Here, the coincidence criterion was immediately used to omit terms producing two
photons in one beam splitter output path. Re-adding the a;,a; and b, by product
states returns the state of the graph depicted in Figure 27 II:

}(I)+>ao,b0 ‘\Il_>C0,C| |ppl>b|,b2 ‘qq/>a|,az (5 I 6)

Which, after applying the filter and wave plate on ancillae creates the desired
output state of subgraph Il (5.14).

As before with subgraph I, inserting subgraph | into Il at the vertices,
ag,bp,cg,c; and then considering events where these have one photon each,
and the a;,b; and ay, by pairs have both O or both | photon leaves superposi-
tions of an entangled pair at ag,bg and O, 2 or 4 additional photons spread over
the a;, by, ay, by modes.

+
}(b >aoyb0 (‘Vac>al,bl,82,b2
+ |Vac>al,b[ ‘qlpl>,32,b2
+‘qp>al,bl lvac>az,b2

+ ‘qp>b|,b| ’qlpl>a2,b2 ) |OO>Co,C|

(5.17)

Thus, subgraph lll+] is a [-pair entanglement swapping experiment, that simultane-
ously acts as either one or two probabilistic non-local photon pair sources. The two
| -pair terms originate from the fact that by generating the subgraph lll+] subgraph
Il is found twice within (see. Figure 28). As with the subgraph [+, equation
(5.17) does not represent the heralded output state on vertices aj, by, ap, by based
on four-fold coincidence detection in vertices ag,aj,cp,c;. This state has addi-
tional terms that are excluded once post-selection on all vertices in a full swapping

graph.

N-pair entanglement swapping Similarly to the three particle case to obtain
the mechanism for arbitrary odd pair numbers 2 copies of the superposition of
subgraphs | and Il and arbitrary many copies of the superposition of subgraphs |
and Ill are merged in sequence, as shown in Figure 28, Using equation (5.13)
and (5.17) the resulting superposition for N = 3+2n, n > O pairs can be described
as such:

[0, 6 (V2 5, + 100}, 5,)

n—I1
+
® ‘(I) >a2i+2:b2i+2 (’vac>32i+]rb2i+lraZi+3rb2H—3
i=0
+[11)
+[11)

(5.18)

+ |vac)

agi 1,02t |vac>‘32i+3rb2i+3 agi 1,02t 00) a2i+3.02i13

agit :b2i+l ’OO) 32i+3!b2i+3 >

+
® ’(I) >a,\,,|,b,\,,| (Vaca/vfzyb/vfz +{1 >aN—2:bN—2>

where the first and last lines are the superpositions of subgraphs | and Il and the
middle lines an arbitrary number of n superpositions of subgraphs | and lll. The
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Figure 28: (a)Construction of the graph non-locally creating an arbitrary odd
number of Bell pairs. The central element is repeated an arbitrary number of
times adding two pairs per repetition to the base count of three. The perfect
matchings (pm) can be constructed out of the pm of the three subgraphs.(b)
Example for pm construction for five pairs with abbreviated matchings (see.
Fig. 10(b)). As each subgraph has 2 pms each row represents 23 = 8 pms,
totaling to 5% = 32 matchings of the five-pair graph. Code for generating
any length chain is given in App. C.2.

correct output state is post-selected on coincidence on all detectors to arrive at
the general multipair entanglement state:

(5.19)

N—1 N
® ’q)+>ai,bi ® |O>Cj
i=0 j=0

Evidently, to non-locally create N bell pairs we require N+ 1 ancillae, in contrast to
2N ancillae when stacking standard one-pair entanglement swapping experiments.
The extra Bell pairs are created at the joining odd-numbered vertices. Here two
subgraphs meet and share two vertices. As those subgraphs also act as probabilistic
correlated pair sources, if all detectors click, it is unknown which subgraph emitted
the correlated pair, hence the state is a superposition of both options creating
the Bell State |[®T). As the subgraphs achieve the correlated pair emission non-
locally. This Bell pair is also produced non-locally. This is mirrored in the perfect
matchings of the total chain, where each elements either contributes via perfect
matchings of subgraph | or Il for the end pieces or I, Il or lll for the central
pieces. This is visualized in Figure 28.

Conclusions on 2-dimensional Multipair Entanglement Swapping [n summary,
the additional entangled pairs stem from experiments that simultaneously perform
entanglement swapping, and act as a non-local source for correlated photon pairs.
By choosing the correct product states of each source and superimposing the
output paths of the sources, entanglement is created. Thus, more entangled pairs
can created with fewer ancillae, but this has a cost, already touched upon while
discussing subgraph Il. For this theoretical argument, no loss in the entire system
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and photon number resolving detectors is assumed for the swap of N pairs. As
mentioned before, Charlie and one other party can herald the state of the third
party in standard entanglement swapping. In the multipair scheme, this is not the
case. Taking the 3-pair graph as an example, after measuring his four photons,
Charlie can only confirm the existence of eight photons. Even with knowledge of
e.g. Alice’s successful measurement this number does not increase, as it is still
possible that Bob has only one photon. To obtain full knowledge, Charlie requires
confirmation from both Alice and Bob, that they have their full photon state, only
then, is the swap confirmed to be complete. Thus, in the multipair scheme two
parties can never herald the state of the third party as in standard entanglement
swapping. With increasing pair count, Charlie obtains less and less information
on his own, as the fraction of photons of the total state he measures decreases.
In practice, when loss is present and if photon number resolving detectors are
not used, confirmation from both parties is necessary also in the standard scheme,
however in the multipair setup the requirement is fundamental. Additionally, the
minimum amount of total photons required to be measured for N pairs is 3N in
both cases, hence there is no increase in the information carried in each ancilla
in the multipair scheme. This is because the existence of the last photon can
always be heralded in any graph, due to the use of pair sources. The information
not obtained by Charlie, but required to fully define the state is outsourced to
measurements made by Alice and Bob.

Through graph analysis, a separable pre-swap state is discovered for each
subgraph. Thus a clear method of how to create the non-local entanglement
from local entanglement and correlations is shown for each subgraph. However,
due to the required post-selection, these initial states don’t combine to a fully
separable initial state of the full graphs. The entangled pairs at the connections
will already be created. This method is likely not unique but only one example
of how this could be constructed. In the case of subgraph lll, it is shown, that
the output can be generated through three subsequent standard entanglement
swapping experiments. Thus, the function of this subgraph is akin to a quantum
repeater, where some of the ancillae are reused to generate extra photon pairs
after they perform their swap. However, the same is not achieved for subgraph
Il.

5.3.3 Application to d-dimensional Entanglement Swapping

Initial Considerations D-dimensional entanglement swapping specifies the non-
local creation of entangled states of more than two degrees of freedom. In this
section, the created states are high-dimensional generalizations of the |®1) Bell
state:

28) =>_ 1) (5.20)

As previously, the normalization constant of i\/a is omitted to keep all edges to

+1 for better clarity. Using the multipair scheme one can naturally create such
high dimensional pairs at the vertices of the additionally created pairs where the
subgraphs are joined. As these are created by the superposition of macroscopic,
independent setups acting as pair sources, adding more setups adds new terms to

54



J J

Figure 29: Semi-3D entanglement swapping, (a) Graph creating three two-
dimensional Bell states at pairs O, 2, and 3 as well as one three-dimensional
Bell state at pair | in 2D. (b) Same graph as (a) but in 3D highlighting
the rotational symmetry. An edge list definition of this graph is available at
App. A.4 (c) Graph creating two 2-dimensional Bell-pairs and one three-
dimensional Bell-pair.

the superposition. In graph form, this extension is simply done by adding another
copy of subgraph Il+] (see Fig. 24) at the intersecting pair with appropriately
modified coloring. This process results in a graph shown in Figure 29 (a),(b)
creating the state

‘(I)+>a0,b0 ‘(I)+>a2,b2 ‘<I)+>a3,b3 ‘q)-_’)l—>a|]bl ‘OOOOOO> (52 I)

€0,€1,€2,€3,C4,C5
of three swapped 2-dimensional Bell pairs and one 3-dimensional Bell pair

+ . . . . .
‘<I>3 >a],b]' In 3D, the resulting graph is rotationally symmetric around the axis

of the central pair a;,b;, as shown in Figure 29(b). This works because the
subgraph effectively acts as a non-local source of correlated photon pairs. Adding
another copy just adds another non-local pair source to the central vertices.
Thereby, is not required, to add a full third two-dimensional Bell pair to achieve
the three-dimensional state, instead, one can also just add a minimal graph for
such a non-local pair source, as shown in Figure 29(c). The added structure here
is a simple form of a Halo as introduced in section 3.3 [14]. By adding more
structures, either of the form in Figure 29(a) or in 29(c), the intersection pair can
be generalized to arbitrary dimension. It is of note, that the latter Halo structure
can support one additional dimension at no extra ancilla cost [14]. Hence, it
has an advantage in ancillae if no extra two-dimensional pairs are desired. Using
additional two-dimensional pairs one obtains the general state for d additional

structures:
2(d—1)

ot,) ® 10y (5.22)

j=0

d—1
‘ CI);"_ > ad,bd ®
i=0

The central high-dimensional pair is created at no additional ancillae cost to the
two ancillae required per two-dimensional pair.

True Multi-pair High-dimensional ES The base mechanism behind the ancillae
advantage in the 2d-case is the creation of superposition in equation 5.13 between
the creation of a nonlocal Bell-pair with and without an extra correlated photon
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pair. Hence, to generalize to higher dimensions, a graph producing an analogous
superposition for a d-dimensional Bell-pair is required. Using AriadneVR, such a
graph was extracted from a PyTheus discovery swapping two 3-dimensional pairs
with six ancillae (graph 78. in Ref. [12]). This graph and the extracted subgraph
are shown in Figures 30(a) and (b). The extracted subgraph produces the state:

0 3

c = [97), b, (|vac>al,bl +1 '>a|,b1) X®10), (5.23)
1 3 j=0

b 0 1
By then combining three such graphs in a trifold manner as described in the pre-
vious paragraph (see. Fig. 29) a graph creating four 3-dimensional pairs, at the
ancilla cost of three pairs is obtained. Figure 30(c) shows the interplay between
the resulting categories of perfect matchings for a simplified graph only containing
two copies of the extracted subgraph in an abbreviated form as introduced in
Figure 10(b). As in the 2-dimensional case, the full state is obtained through
the superposition of either subgraph emitting one extra photon pair. Figure 30(d)
shows the process of using the trifold construction method to arrive at the graph
for 4-pair 3-dimensional entanglement swapping. This construction was performed
within AriadneVR using its natural graph drawing capability. The resulting graph
has 12 ancillae, four less than required when stacking four 3-dimensional [-pair
graphs. However, the 2-pair graph (see. Fig. 30) exhibits the same scaling. Two
copies of this graph also create four pairs with 12 ancillae. The discovery of
the 4-pair 3-dimensional entanglement swapping graph has been published in the
preprint related to this work Ref. [15].

In principle, the I-pair 3-dimensional graph contained in the extracted subgraph
(see. Fig. 30(b)) can be replaced with higher dimensional subgraphs at the cost
of two ancillae per two dimensions by copying the ¢y and ¢, ancillae structure.
This generates higher dimensional entanglement swapping as described in Ref.
[14]. By adding the appropriate number of extracted subgraphs the central pair
can also be elevated to arbitrary dimension. Therefore, if the 1-pair subgraph
requires n-ancillae an extra d-dimensional pair can be generated by superimposing
d individual such subgraphs. However, this method results in reduced ancillae
efficiency compared to stacking 1-pair graphs as only one free pair is obtained.

#ancillae superpositon ~ d-n d [for lare d
#ancillae single pair stack (d+1)-n d+1 d

This discussion leaves the question, of what would be required to obtain the
remarkable scaling of the required ancillae in the two-dimensional case. In essence,
for the three-dimensional solution, analog graphs of the endpieces of the 2-
dimensional chain (subgraph | + II) are available but an analog of the central
piece of the chain (subgraph | + IlI) is missing. Such an analog would have to
produce the following state,

d-1 n—I1
5) 0y @ (IV20) 5, + 1) y8,) Q) 10} (5.24)
j=0 i=0
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Figure 30: Derivation of full 3-dimensional multipair entanglement swapping
for four pairs. (a) 2-pair 3-dimensional entanglement swapping graph in
2D and 3D (Graph 78 in Ref. [12]). (b) Extracted analog graph to the
end-piece of the 2-dimensional entanglement swapping chain (see. Fig. 28).
The open end is the a;,b, detector pair from (a), highlighted in cyan. The
graph has intemal (blue) partial covers, creating | 3-dimensional pair and
I1-sided (green) full covers, creating | pair and a product state |1 1) (c) First
step towards the four pair graph, combining two copies of graph (b) to arrive
at two 3-dimensional pairs and one Z2-dimensional pair at the connection
(cyan). (d) By copying the end piece (b) a third time as in Figure 29 full
4-pair 3-dimensional entanglement swapping is obtained. The final graph has
12 ancillae. Edge list definition available at App. A.5. Some matchings are
abbreviated, see. Figure 10(b).

where n is the number of required ancillae and the product states [jj)ajbj and

the d-dimensional Bell-pair are created non-locally. The detector index is chosen
here to be the mode number for clarity not by necessity. Such a graph would
swap one high-dimensional pair and create between O and d additional correlated
photon pairs. These additional product states could then be used to construct
additional high-dimensional entangled pairs resulting in a graph exhibiting a mesh-
like structure, instead of a 1-D chain of the 2-dimensional case.

5.3.4 Generalising beyond ES graphs and the Connection to the Halo concept

As elaborated in the two previous sections, the ancillae advantage achieved by
the entanglement swapping graphs relies on the core concept of graphs achieving
a particular superposition of particle numbers:

n—I1

) ® (\vac) + ‘(Pf>{Pj}) (5.25)

j=0

They perform some core experimental tasks, generating state |y), but with the
option of emitting up to n additional states |@;) emitted into the set of path
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modes {P;}. Ignoring the core task, they act as independent, probabilistic, non-
local photon sources of the states |@;). This mechanism is closely related to how
Halo-graphs [14] emit their correlated multiphoton states (see. sec. 3.3). By
necessity, Halos function in a binary way, either, they are off and the original
graph functions as it does before the addition of the Halo, or they are on where
the original graph does not contribute and the Halo provides all photons to its
vertices. All other contributions must interfere destructively or be excluded by
post-selection. To be able to be "off" in this way a Halo needs an internal
perfect-matching where all edges are confined to the vertices of the Halo and no
vertices of the original graph (see. section 3.3). In the standard Halo picture,
these vertices are classified as ancillae hence their state is of no concern and does
not contribute to the desired output of the graph.

There are two crucial modifications to the Halo concept exhibited by equation
(5.25). Firstly, not all detectors forming the source are considered ancillae. In the
entanglement swapping case, two of the four photons of the structure are ancillae,
and the other two form a Bell pair, which is part of the desired output state. In
a sense, the internal structure of the Halo provides a useful contribution to the
experiment beyond acting as a multi-photon source. The second modification is
that structures described by equation (5.25) act as multiple independent sources,
instead of one. Their function is not necessarily binary, i.e. on or off, they can
independently provide anything between O and n photon states simultaneously.
This is not the same as two-dimensional Halos, like they appear in single pair

high-dimensional entanglement swapping [14] or in the |GHZ)3 graph (see sec-
tion 5.1.3). Those structures cannot emit two states at the same time. They
do not act as two independent sources of |pg) and |@;) but as a source for
lPo) + |@1). In the entanglement swapping case the two-sided structure in the
center of the chain (see. Fig. 28) is an example of acting as two independent
sources in accordance with equation (5.25). lIts output state, neglecting the Bell
pair, is |vac) + |00),, + |1 1), +100)_, |1 1), (see. equation (5.18)), meaning it
can either emit nothing, two photons in states |[00)_, or |1 1), or four photons in
the state |00)_, |1 1), Note that the path modes indicated by the subscript are
different for each additionally emitted pair. In the following, each collection of
path modes the source emits a state into is called a facet. The graph employed
in the 2-dimensional chain has two 2-photon facets.

In summary, subgraphs described by equation (5.25) can be described as mul-
tifaceted Halos, structures acting as multiple independent photon sources, while
always generating an internal state |w). This constitutes a meaningful extension
of the Halo concept.

One way to construct multi-faceted Halos different from swapping graphs
is to use 2-dimensional GHZ-states as the internal structure. Arbitrarily large,
even-numbered GHZ-states can be created by alternating edge colors in polygon
loops [112]. Adding one additional vertex per edge of such a polygon and
connecting to the closest edges can create star-shaped graphs fulfilling equation
5.25. Essentially, these stars represent the placement of a smaller GHZ-type-
polygon graph with a larger one. The resulting graph structure is a straight
generalization of the central graph sub-graph of the two-dimensional entanglement
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Figure 31: Example of a generalization of a multi-faceted Halo according
to equation (5.26) with its perfect matchings. Orange edges are not part of
the Halo but represent the simplest form of graph the four facets of the halo
can be attached to. The top row of perfect matchings always generates the
state |1)®8 internally, the bottom row 10)*8. From left to right the perfect
matchings emit between zero and four additional pairs of photons in the state
|00). Perfect matchings obtainable by rotation from the depicted ones are
omitted.

swapping chain. An example is depicted in Figure 31 for a GHZ state of size

8. For a GHZ-state of size n as the central graph, the result features up to 7

additional emitted photon pairs:

S
I

IGHZ)5 (1 + |qip))) (5.26)
j:

(@)

This means it acts as a Halo with 7 facets. Different types of facets can be

created from this graph, if instead of using pairwise groupings with normal edges,
hyperedges are employed. This way one can construct e.g. a multi-faceted Halo
with one 4-photon facet and two 2-photon facets by connecting four neighboring
outer vertices of the graph depicted in Figure 31 with one hyperedge instead of
two normal edges. Note that by construction, all facets are non-local, i.e. no
photons of the facet share a pair source, this is a general feature of Halos. Such
facetted Halos however have a significant caveat. Their function as correlated pair
sources breaks down if the individual facets are not independent. For example,
the central two-facet piece of the chain used in entanglement swapping cannot
be repeated and then closed. i.e. the last facet connected to the first facet.
Similarly, in the example using the GHZ-state presented above, edges between
different facets can destroy the independent pair source nature of each facet.

5.3.5 On the Contribution of Ariadne VR

As mentioned in the introduction to this section, AriadneVR has been used re-
peatedly during this analysis process, to visualize and modify the presented graphs.
The most important contribution during the early stages of analyzing the 2-
dimensional swapping graphs was rejecting hypotheses for increasing the efficiency
even further. Here, it provided an easy way to draw new or modified graphs
and inspect their perfect matchings to check the result. However, none of these
experiments proved successful. Hence, in the 2-dimensional case, the relevant
contribution that enabled the discovery of the scaling method was achieved by the
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KK-sorting algorithm, providing the necessary insight to set PyTheus on a search
for the extension of the chain.

In the subsequent analysis of the search for pre-swap states AriadneVR did
not play a large role. However, after the fundamental concept of using entangle-
ment swapping experiments as pair sources were extracted, AriadneVR was used
to generalize the central pair to three dimensions and to generalize the concept
to three-dimensional graphs. When trying to construct multi-faceted Halos Ariad-
neVR again was used for hypothesis testing of corresponding designs.

In Summary, in this particular example of VR-augmented quantum graph anal-
ysis, the interactivity provided by AriadneVR played a larger role than the 3D
visualization. This is unsurprising, as the majority of graphs studied are planar.
Hence, it is likely, that many of the discoveries presented here could have very
well been executed without the use of virtual reality. AriadneVR probably made
it easier and faster, through intuitive graph sorting and drawing especially when
search the higher dimensional swapping solutions for analogs to the concepts ex-
tracted from the two-dimensional case. However, no quantitative analysis of the
impact has been performed so this conclusion is subjective. Regardless, the lessons
learned from this analysis prompted the implementation of the ability to define
search templates for PyTheus searches into the tool. Another potentially useful
extension that has not made it into the tool is the implementation of vertex
operations, i.e. being able to apply matrix transformations on vertices. This would
allow graphical computations and might increase the usefulness of AriadneVR sub-
stantially for the tasks of understanding underlying experimental processes behind
a graph output, as was done through the search for pre-swap states.

6 Summary

This thesis work consists of the development of a custom webVR tool AriadneVR
for the analysis of artificially discovered quantum optics experiments in graph form
as well as the subsequent application of the tool in a variety of tasks around ex-
tracting insights from artificial scientific discoveries. It constitutes a new explorative
application of an infrequently used method, Virtual Reality, to an emerging mod-
ern research challenge, understanding scientific results that have not been created
by humans but Al.

The results consist of a demonstration of discoverable structures in a variety of
graph-encoded experiments achieving a variety of different tasks. Beyond it show-
cases two examples where structural features discovered in VR proved themselves
to be interpretable and gave the user new understanding of the graph representa-
tion as a whole as in the case of loops of zero contribution or a specific experiment
as in the case of |GHZ)§ state creation. In the latter example, the obtained un-
derstanding could be used to design a new |GHZ>§ state-creation experiment
utilizing Halos, a known concept from the graph representation. AriadneVR was
used in attempts to increase the efficiency of searches for new experiments based
on discovered geometries of related examples. This led to the successful discovery
of GHZ-analyzer experiments in graph form for four particles in two and three
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dimensions. The main result of this thesis is the study of Al-discovered resource-
efficient entanglement swapping. Through mathematical and graphical analysis, the
underlying mechanism of creating experiments that simultaneously act as proba-
bilistic pair sources could be extracted. The understanding gained through this
could then be reapplied to higher dimensional cases of entanglement swapping,
using AriadneVR to identify the necessary analog structures in Al solutions and
build generalizations. The fundamental concept behind the mechanism could be
linked to the Halo concept, constituting a meaningful extension of the relevant
ideas.

Thus, this thesis represents a successful application of VR for the artificial sci-
entific discovery process, selected results have been published in Ref. [15].

7 Conclusion and Outlook

In conclusion, VR can be successfully applied to artificial scientific discoveries in
the context of graph-encoded quantum experiments. It shines most in visual
and structural analysis, but also provides a suitable interaction platform for find-
ing and testing hypotheses relating to such graphs. It is also an efficient way
to design graph structures, which can be used to manually generalize concepts
or to design initial graphs for further Al searches. In the analysis of multi-pair
entanglement swapping, VR was mainly used once the generalization of concepts
to more complicated structures became relevant. Here, AriadneVR facilitated the
discovery of analog structure that could then be used to manually generalize to
a new solution. Thus, judging from the results of this work, VR as represented
by AriadneVR is most useful at the beginning and end of the conceptualization
of graph-encoded experiments. In the beginning, it facilitates the discovery of
structure which can be used as a starting point for generalization (manually or by
Al searches). Such generalization can then inspire conceptualization. At the end
of conceptualization is the reapplication of the concepts to other use cases, where
VR assists greatly through identifying the extracted concepts in other solutions or
building abstractions. In the presented example of conceptualization, VR played
less of a role during the actual extraction of the concept. One reason for this
is the planar structure of the involved graph being sufficient for generalization.
VR can be expected to take a bigger role in concept extraction based on more
complex graphs. As mentioned, including more computational features like beam
splitter graph transformations, controlled by simple touch interaction might greatly
increase the use of the AriadneVR for computational analysis. Further applica-
tion in different conceptualization attempts would shine further light on the use
of such features and the further potential of VR for such analysis. In general,
AriadneVR can be improved by streamlining the workflow. Useful additions for
this purpose are some features often present in modern VR tools (e.g. in Narupa
for interactive molecular simulations [71]) like support for collaborative analysis
and access to advanced computing APls. For AriadneVR, direct access to the
PyTheus APl could be very useful, especially for testing hypotheses and defining
search spaces. This could be combined with more advanced Ul for efficient and
full control over PyTheus queries. In addition, implementing collaborative analysis
would allow multiple researchers to experiment on graphs. Currently, AriadneVR
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is also very restricted in the size of graphs it can display. This is in part by
design, as it is an untethered application, however, considerable improvements are
still possible through optimizing the employed rendering techniques.

As graphs are an abstract data representation, they are not tied to quantum
optics experiments. Thus, the techniques employed in this thesis can in princi-
ple also be used for other graph-based tasks, and AriadneVR can potentially be
extended to interact to include them [15]. An example could be graph-based
quantum circuit design [125], especially with the graphs created by ZX-calculus
[126].

This work represents a step towards an improved human-computer interface for
understanding artificial intelligence. With increase in hardware capability, it seems
likely that applications like this one will become more standard in the future.
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A Discovered Graphs

For transparency, this section lists all graphs, that constructed or discovered in the
results of this thesis. The format is chosen compatible with the PyTheus Library.
l.e. a dictionary of edge entries with (vertex O, vertex 1, color O, color 1)
weight.

A.1  3-particle-7-dimensional GHZ-state
7 dimensional 3 particle GHZ-state graph of Figure 17(b).

, 1, 3, 3): (-1),

{
0, 2,1, 1): 1,
0, 3, 2, 0:1,
(0, 4, 0, 0): 1,
0, 5, 4, 0): 1,
0, 7,2, 0:1,
1, 2, 4, 4): 1,
1, 4,2, 0: -1,
(1, 5,1, 0: 1,
(1, 6, 0, 0): -1,
(2, 3, 0, 00: 1,
(2, 5, 3, 0): -1,
(2, 6, 2, 00: 1,
(2, 7, 0, 0): 1,
(3, 4, 0, 00: 1,
(3, 5,0, 0:1,
(3, 6, 0, 0): 1,
(4, 7, 0, 0): -1,
(5,7, 0, 0:1,
(6, 7, 0, 0): -1,
(8, 1, 0, 5): -1,
(8, 2, 0, 6): 1,
(8, 10, 0, 0): 1,
(9, 0, 0, 5): 1,
9, 1, 0, 8): -1,
1

A.2 2dim.-GHZ-analyzer search:
A.2.1 Search Geometry

99 is the mode number used to indicate that an edge is representative of full
connectivity. (i.e. black edge colors in AriadneVR). Note that the edge weights
are irrelevant here, as this is the initial starting point of an optimization during
which edge weights are randomly initatialized.

{(, 4, 0, 0):1.0,

(0, 4, 1, 0):1.0,
(0, 5, 0, 0):1.0,
(0, 6, 1, 0):1.0,
(1, 4, 0, 0):1.0,
(1, 4, 1, 0):1.0,
(1, 5, 0, 0):1.0,
(1, 6, 1, 0):1.0,
(2, 4, 0, 0):1.0,
(2, 4, 1, 0):1.0,
(2, 5, 1, 0):1.0,
(2, 6, 0, 0):1.0,
(3, 7, 99, 99):1.0,
(1, 7, 99, 99):1.0,
(0, 7, 99, 99):1.0,
(2, 7, 99, 99):1.0,
(3, 5, 99, 99):1.0,
(3, 6, 99, 99):1.0,
(3, 4, 99, 99):1.0}

A.2.2 12-edge analyzer
See Figure 20(c).
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{0, 5, 0, 0): 1.0,
(0, 6, 1, 0): -1.0,
(0, 7, 1, 0): -1.0,
(1, 4, 0, 0): 1.0,
(1, 6, 1, 0): 1.0,
1, 7,1, 0: 1.0,
(2, 5,1, 0): 1.0,
(2, 6, 0, 0): 1.0,
(2, 7,0, 0: -1.0,
(3, 4, 1, 0): -1.0,
(3, 6, 0, 0): -1.0,
(3, 7, 0, 0): 1.0}

A.2.3 20-edge analyzer
See Figure 20(d).

{(0, 4, 1, 0): -1.0,
(0, 5, 0, 0): 1.0,
(0, 6, 1, 0): 1.0,
0, 7, 0, 0): 1.0,
(1, 4, 0, 0): 1.0,
(1, 5, 0, 0): -1.0,
(1, 6, 1, 0): -1.0,
1, 7,1, 0): -1.0,
(2, 4, 0, 0): 1.0,
(2, 5,1, 0): 1.0,
(2, 6, 0, 0): 1.0,
2, 7,1, 0: -1.0,
(3, 4, 0, 0): -1.0,
(3, 4, 1, 0): -1.0,
(3, 5,0, 0): 1.0,
(3, 5,1, 0): -1.0,
(3, 6, 0, 0): -1.0,
(3, 6,1, 0): 1.0,
(3, 7,0, 0: 1.0,
(3, 7,1, 0): 1.0}

A.3 3dim.-GHZ-analyzer search:
A.3.1 Search Geometry:

99 represents full allowed connectivity. Note, that due to this being a measure-
ment graph with input nodes O-3 additional restrictions apply when turning this
search geometry into the initial graph of 74 edges. Edge weights are meaningless
for initial search geometries.

0, 7, 99, 99): 1.0
0, 9, 99, 99): 1.0
(0, 11, 99, 99):1.0
(1, 4, 99, 99)
(1, 5, 99, 99)
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A.3.2 4-particle 3-dim. GHZ-state analyzer

Selected successful search result for the 4-particle 3d-analyzer. (see. Fig. 21)

{(0, 4, 2, 0): 1.0,
0, 7, 1, 0):
0, 9, 0, 0): s

1, 11, 1, 0): -1.0,
(1, 4, 0, 0): -1.0,
1, 5,2, 0): -1.0,
(1, 8,1, 0): 1.0,

(2, 10, 0, 0): -1.0,
(2, 10, 2, 0): 1.0,
(2, 11, 0, 0): -1.0,
(2, 6, 1, 0): 1.0,

(2, 8, 2, 0): -1.0,
(3, 10, 0, 0): -1.0,
(3, 11, 0, 0): -1.0,
(3, 11, 1, 0): 1.0,
(3, 6, 2, 0): 1.0,

(3, 8,1, 0): -1.0,
(4, 5, 0, 0): -1.0,
(5, 6, 0, 0): -1.0,
(7, 11, 0, 0): -1.0,
(7, 8, 0, 0): -1.0,
(9, 10, 0, 0): 1.0,
(9, 11, 0, 0): -1.0}

B

1.0
1.0

A.4 Semi-3d-entanglement-swapping

See Figure 29(b) Note that the four non-local photon pairs of this state are at

vertices 0,3 1,4 2,5 and 10,12. 0,3 is the 3-dimensional pair.
are in |00) +

1,4 and 2,5
I'1) and 10,12 in [I'1)+]22). This is due to this graph being

drawn by hand on top of a 3-pair graph before convenient vertex relabeling was

implemented in AriadneVR.

{0, 1,0, 1): 1
©, 2,1, 1): 1,
©, 7, 0, 0): 1,
0, 9,1, 0:1,
0, 12, 2, 1): 1

(1, 6,0, 00: 1
1, 7,1, 0:1
(2, 8,0, 00: 1,
(2, 9,1, 0: 1,
(3, 4,0, 0): 1
(3,5,1,0:1
(3,7,0,0:1

A.5 4-pair-3dimensional entanglement swapping:
See Figure 30.

{0, 2, 1, 1): 1,
(0, 10, 2, 0): 1,
(0, 11, 0, 0): 1,
(0, 16, 1, 0): 1,
(1, 10, 0, 0): 1,
(1, 11, 2, 0): 1,
(1, 17, 1, 0): 1,
(2, 17, 1, 0): 1,
(3, 5,0, 0:1,

s 1,
(7, 3, 2, 2): 1,
(8, 3, 0, 00: 1,
(8, 4, 0, 0): 1,
(8, 9,0, 00: 1,
(9, 2, 0, 0): 1,
(9, 5,0, 00: 1,

(10, 11, 0, 0): 1,
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(12, 4, 0, 2): 1,
(12, 5, 0, 1): 1,
(13, 4, 0, 1): 1,
(13, 5, 0, 2): 1,
(13, 12, 0, 0): 1,
(14, 3, 0, 2): 1,
(14, 6, 0, 2): 1

(14, 15, 0, 0): 1
(15, 2, 0, 2): 1

(15, 7, 0, 2): 1

(16, 17, 0, 0): 1
(18, 6, 0, 1): 1,
(18, 7, 0, 0): 1,
(18, 19, 0, 0): 1,
(19, 6, 0, 0): 1,
(19, 7, 0, 1): 1}

B AriadneVR Documentation

Here, a brief overview over the software structure of AriadneVR is provided. As
mentioned in section 4, AriadneVR is a Javascript application built in A-Frame and
Three.js. A-Frame code is structured into script components, that are attached
to HTML entities. Three.js is used as the underlying 3D library responsible for
displaying the scene. AriadneVR is a collection of custom components together
with an HTML template, as well as a JavaScript-port of the algorithm for com-
puting perfect matchings included in the PyTheus library. Figure 32 shows the
control-scheme for the software.

Y-BUTTON:
spawn/despawn
graph library

LEFT STICK:
navigate menus
fine weight setting

X-BUTTON:
select in graph
library

TRIGGER:
push buttons
grip vertices

B-BUTTON:
spawn vertex-menu
connect edge

RIGHT STICK:
navigate menus
coarse weight setting
push: confirm edge weight

A-BUTTON:
selection in vertex-menu
Spawn/delete vertices

GRIP:
grip graphs/dataslate

Figure 32: AriadneVR control-scheme.

A-Frame and related open-source community components are used as specified
in the Readme on GitHub'0?. See the A-Frame documentation''. for further detail

on component structure GitHub Copilo

t'2, an Al-based coding assistant was used

Iohttps ://github.com/artificial-scientist-1lab/AriadneVR

H https://aframe.io/docs/1.4.0/introduction/

"Zhttps://docs.github.com/de/copilot/copilot-individual/
about-github-copilot-individual

73



https://github.com/artificial-scientist-lab/AriadneVR
https://aframe.io/docs/1.4.0/introduction/
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during development for faster auto-completion and generation of documentation
strings. Figure 33 shows a schematic overview of the code structure.

/ Ul COMPONENTS \ ﬂ;RAPH COMPONENTS\

graph-editor modifies
uses
graph-hbrary graph adds/removes
| —
control-panel

controller-menu

— T
/ \\ perfect-matchings

dataslate

N

Figure 33: Schematic of the component interactions of the custom components
of AriadneVR

B.1  Ul-components

This section groups Ul components from low-level to high-level.

B.1.1 button

Description: The Button component can be attached to entities with a geometry
to turn them into virtual buttons, used in menus, panels, and slates. It is attached
by higher-level components. Buttons can be pushed by the API (in menus) or by
controllers via raycaster-interactions. The component controls the physical feed-
back of the button geometry element in color and position

Schema:
Property Type Default Description
event string "none” event the button emits on click.
clickEvent strin "trigqerdown” | €VENt the button listens for to
9 99 clicked.

. Flag deciding whether the but-
clickable boolean false ton is API pressed or Physical.
springLoaded | boolean False Flag deciding whether the but-

ton stays pushed or not.
raycastable boolean false Flag turning the button ray-
castable.
Events:
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Event Detail Description

<chema.event | | button: component- Event fired on button activa-
' Instance tion. Event title set by schema.
name: button entity id
pushed: button status

Listeners:

Event Listener-Description
Set when the button is set clickable, adds the
"raycaster-intersected" "hovered"-state and changes the color of the but-

ton to indicate the hovering of the caster.

Set when the button is set clickable, resets the ac-
‘raycaster-intersected-cleared" tion of the prev. listener or indicates the "pushed"
state via coloring.

Listener label set by schema, Emits the event of
schema.clickEvent the button and causes physical feedback of the
button if applicable.

B.1.2 controller-menu

Description: The controller menu is a collection of buttons on a 2D panel attached
to controller models. It is navigated with a selector and supports 1 layer of submenus.
The selector is navigated with the joystick and the menu is spawned and despawned with
custom buttons.

Schema:
Property Type Default Description
. List of first layer buttons of the
buttons string -
menu
subMenus string I List of lists, submenus of the
menu
spawnKey string " buttondown" Key for spawning/despawning
the menu
actionKey string "bbuttondown’ Key to press buttons/spawn
submenus
Events:
Event Detail Description
Event fired when the custom
"spawnkeypressed” | [ name: [ main | | spawn key set in the schema is
pressed.

Listeners:
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Event Listener-Description
schema.spawnKey Triggers toggling the menu.
"spawnkeypressed" Toggles the menu.
schema.actionKey Presses buttons/spawns submenus.
"thumbstickmoved" Moves the selector across menus.

The component also adds Listeners for each button representing a sub-menu, listening
for that buttons event and spawning the corresponding sub-menu. The "thumbstickmoved"
and schema.actionKey listeners are dynamically added and removed during moving and if
the menu is invisible.

B.1.3 disc-menu

Description: The disc-menu component specifically exists to provide the euler-plane
weight selection menu for edge spawning during graph editing. It is spawned during the
edge editing process.

Schema:
Property Type Default Description
radius number 0.05 Radius of the menu disc
currently unused, potential la-
type string weightSelector| bel to modify the behavior for
other tasks than weight setting.
Events:
Event Detalil Description
. ; ude: | Current  menu Fired when the weight
weightSelected AMPHtude:] grate amplitude selection is finished. ?

Current menu

phase: state phase
Listeners:
Event Listener-Description
"thumbsticktouchstart” Enables moving of the selector
“thumbsticktouchend" Disables moving of the selector
"thumstickdown" Confirms weight selection.
"thumbstickmoved" Sjiis off the current thumbstick

Depending on which thumbstick is moved, the selector behavior is different. The right-
hand thumbstick is responsible for coarse weight setting, allowing weights of amplitude
s

0.5 or | and phases in 7 steps. The left-hand thumbstick allows full freedom for weight
selection.

B.1.4 dataslate

Description: The dataslate component builds the dataslate object for a specific graph.
It is assigned by the controlpanel component. It controls spawning of perfect-matchings

for a graph.

76



Schema:

Property Type Default Description
. Entity ID of the graph the slate
graph string - belor?/gs to dgrap

Listeners:

Event

Listener-Description

"thumbsticktouchstart”

Adds the scrolling state to the slate.

"thumbsticktouchend"

slate.

Removes the scrolling state from the

schema.actionKey

Presses buttons/spawns submenus.

"thumbstickmoved"

Adjusts the scroll speed.

"PMsUpdated"

Updates the slate if the graph is

changed.
Triggers corresponding  graph-
"togglePM_{i}" component  to  spawns/despawn

PM_{i}, one listener for each PM.

The component creates entities with the button-component per perfect matching and
listens to their events for spawning/despawning via the togglePM_{i} listener where i is

the pm-index.

B.1.5

Description:

controlpanel

The controlpanel component attaches to the central Ul element of the

scene, the 2D plane in front of the user. It controls behavior like file downloads, which
graph is currently being edited, graph removal, renaming, and allows to spawn a fresh

graph of a single vertex.

Events:

Event Detail

Description

"topologyModeEnabled” | | -

Fired if the top Mode button
is pressed, controls the edge
spawning behavior.

"topologyModeDisabled" | | -

Fired if the top Mode button is
released, controls edge spawn-
ing behaviour.

"graphactive”

active

graph-
component

Fired if a graph is set active
via pushing the named button,
all edits, saves, etc. relate to
the active graph.

"graphinactive” -

‘ -

Fired if a graph is set inactive
via pushing the named button.
Editing is now no longer possi-
ble and the graph control but-
tons vanish
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Listeners:

Event Listener-Description

"araphbuilt” Spawns buttons belonging to the
graphouilt graph.

"caveTo" Listens for the saving button press.

Initiates saving.

Listens for the graph named but-
"selectGraph’ tons to enable editing and spawn the
dataslate and control-buttons

Listens for the removal button press.
Removes the graph.

Listens for the new graph button,
"newGraph” spawns a new graph consisting of a
single vertex.

Listens for the rename button, re-

‘removeGraph’

"rename”
names the current graph.
"topMode" Listens for the top-Mode button,
changes edge drawing behavior.
"genConfFile" Listens for the conf-file button, initi-

ates the download of a conf. File.
Dynamically added and removed dur-
"superkeyboardinput” ing renaming, saving and template
drawing to process keyboard input.

B.1.6 graph-library

Description:  This component manages the spawning of graphs from the library of graph
files included on the host platform. It is attached to the left-hand controller. It attaches a
controller-menu component to the controller allowing the spawning of buttons via button
press.

Listeners:

Event Listener-Description
{graph> Spawns the corresponding graph.

One graph listener is added per graph in the library. The listener listens to the
corresponding button of the controller menu for the event carrying the name of the graph

B.1.7 graph-editor

Description: The graph-editor component is attched to the right hand controller and
handles editing functionality like adding and removing vertices as well as drawing and
removing edges. During editing cycles it assinges controller-menu and disk-menu compo-
nents depending on the cycle. Editing functionality is only enabled once a graph is set
active via the controlpanel component.

Schema:
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Property Type Default Description
vertexSpawner| string "abuttondown” Ecuet:onevent for toggling ver-
Buttonevent for editing a ver-
editKey string "bbuttondown”| tex, i.e.  spawning/removing
edges or relabeling.
Events:
Event Detail Description
type: edit type
P vertexyp Corre- Component makes the
"graphedit” vertex: sponding to edited graph ﬁre‘ this
the edit event upon an edit to
edge Corre- trigger updates.
edge: sponding to
the edit
graph corre-
graph: sponding to
the edit
Listeners:
Event Listener-Description
graphactive’ Enablefs editing upon setfting a graph
as active.
“graphinactive” Dlsgbles_ editing upon setting a graph
as inactive.
"topologyModeEnabled" fChanges edge drawing behavior to
orgo colors.
"topologyModeDisabled Resets to normal edge drawing be-

havior.

Adds/Removes vertices based on the
hover state on button press

Enabled only when editing is enabled.
"hover-start” Adds the hovering state if hovering
over a vertex.

Enabeld only when editing is enable.
"hover-end" Removes the hovering state if hover-
ing over a vertex.

Listens only for the hovering state.
Switches schema.editKey behaviour

schema.vertexSpawner

stateadded between spawing and edit menu and
connecting a spawned edge.

" Listens only for the hovering state.

stateremoved

Removes editKey behaviour.

The component also dynamically adds and removes listeners corresponding to the menus
spawned during and editing process. Those listen to the corresponding button events for
setting edge colors, new vertex labels, or edge deletion identifiers.
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B.2 Graph-components

This section groups components relating to constructing and managing graphs.

B.2.1 edge

Description: The edge component is responsible for drawing and managing edge ge-
ometry over the lifecycle of a graph, as well as storing edge data. It is assigned either
by the graph component during construction or edits. Every edge of a graph has its own
instance of the edge component. Edge components are attached to the same entity as
the graph component.

Schema:
Property Type Default Description
) selector for the graph entity the
graph selector edge belongs to
numld number - numerical edge id
edge configuration according to
edgeConfig array - PyTheus convention [vertex 1,

vertex 2, color 1, color 2].
[siblingCount, siblinglndex, [sib-

[0, 0, [ "] lingNames]] array for edge ge-
T ometry configuration in case of

siblingConfig | array

multi edges. ]
phase number 0 F!;dge weight phase in units of
amplitude number I Edge weight amplitude

Siblings are edges between the same vertices with different colors, the initial array is
computed in pre-processing. Sibling count is the total number of siblings, siblinglndex is
the index of this edge in the set of siblings, and siblingNames are string identifiers of
the entity arguments (e.g. edge__0). During initialization, the edge-config array entries
are replaced with pointers to the relevant vertex components. The same happens to
siblingNames.

B.2.2 vertex

Description: The vertex component turns entities into graph vertices. These are in-
dented as child-entities to the parent graph entity. It is required to initialize them as
separate entities to allow for them to be grabbed individually. Otherwise, they fulfill a
similar purpose to edge components, storing vertex data.

Schema:
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Property Type Default Description
graph selector ] Selector for the graph entity
the vertex belongs to.
numld number - Numerical vertex ID.
color string - Vertex color.
position array - 3D coordinates of the vertex.
comelr strin ) Vertex shape (sphere, cube, or
9 Y 9 tetrahedron)
List of connecting edge numer-
edges array - S
ical ids
. List of neighbour vertex nu-
neighbours array - L
merical ids

Both edges and neighbors are initialized as lists of IDs, but get replaced with pointers to
the components during graph assembly.

Events:
Event Detail Description

Perfect Matchings have
name Jenti- vertex geometry copies
"vertexgrabstart” . and are listening for this
vertex: fier of this vertex event to start fracing po-

THREE.Object3D sition updates.
Perfect Matchings have
name Jenti- vertex geometry copies
"vertexgrabend" . and are listening for this
vertex: fier of this vertex event to stop tracing po-

THREE.Object3D sition updates.

Listeners:

Event Listener-Description

Checks for addition the grabbed-state
to cause attached edges to update
their geometries and fire the "vertex-
grabstart” event.

Checks for removal of the grabbed
"stateremoved" state to stop attached edges updating
and to fire the "vertexgrabend" event.

"stateadded"

B.2.3 perfect-matching

Description:  The perfect matching component constructs the subgraph of each perfect-
matching. It does not use its own vertex and edge components but copies the respective
THREE.js objects. It is assigned by the graph-component entity through a trigger through
the dataslate-component.

Schema:
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Property Type Default Description

Selector for the graph entity
graph selector - the perfect matching belongs
to.

List of edges contained in the
pm. (numerical identifiers)

pmConfig array -

Listeners:

Event Listener-Description
Triggers the geometry copies to
"vertexgrabstart” trace the respective positions of the

grabbed vertex.
Stops the geometry copies from trac-
ing positions.

"vertexgrabend"

B.2.4 graph

Description: The graph-component turns an entity into a graph. It manages the
construction of the model, assigns the relevant vertex and edge sub-components, and
stores the graph-data. It also manages graph updates caused by editing the graph and
computes its perfect-matchings.

Schema:
Property Type Default Description
name string "graph” graph name

stringified json file containing
all relevant graph information.
stringified json containing the
history string - optimization history.  This is
currently unused.

graphData string -

Events:

Event Detail Description

" ; - Emitted on spawning of

pmdecomposed | graph: | graph entity \ a perfect mat[zhing 9

" " - . Emitted on removal of a

pmremoved | graph: | graph entity \ perfect matching

; n - emitted once graph con-

graphbuilt | graph: | graph entity \ struction is cor?'\pll:e)te

Emitted every time the

"PMSUpdated” graph: graph  compo- | | graph is edited, e.g. via

nent vertex addition.

Listeners:
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Event Listener-Description
" Listens for graph edit events to up-
graphedit date the geometry
"graphbuilt” deprecated listener
Listens for grab events on this graph
"grab-end" to updated the collision-mesh upon
moving of vertices.

C Code snippets

This section includes useful code snippets for transparency and ease of verifying the
presented results:

C.1 computing perfect matchings:

This snippet computes perfect matchings of a graph. Set into the graph variable.

from pytheus import fancy_classes as fc
from pytheus import help_functions as hf

graph = {
o, 1, 1, 1) 1,
(1, 2, 0, 0) = 1,
(2, 3,1, 1 1,
(3, 0,0,0 :1
}

graph = fc.Graph(graph)
graph.getState()

print (hf.readableState(graph.state))
print(graph.perfect_matchings)

C.2 generating 2d-entanglement swapping graphs:

This code constructs a according to Fig. 28. The function builds the graph, the bottom
code segment checks the result for accuracy. Note that the generation of the target is
memory intensive for large pair counts.

import numpy as np

import itertools

from pytheus import help_functions as hf
from pytheus import fancy_classes as fc

def construct2D_ES_chain(n):
"""Builds the graph for the n-pair 2d entanglement swapping chain. The
first n photons are Alice, next n Bobs, then n+l1 Charlies.

Args:
n (int): odd integer specifying pair count.

Returns:
dict: dictionary with edge tuples as keys

nmnn

1

a
b

np.arange (n)
np.arange(n, 2*n)
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c = np.arange(2%n, 2*n + n+1)

# build the left end of the chain

left_end = {
(alo0], alill,
(afo0], clo], 0):
(al[0], cl1], 0):

0, 0):
1,
0,
(al1], c[11, 0, 0):
0,
1,
1,
0,

-

-

-

(bf0], clo], 0):
(blo], cl1], 0):
(b[01, bl1], 0):
(b[1], cl1], 0):

. .

-

N e e e e =
M

# build the right end of the chain

right_end = {
(a[n-2], aln-11, 1, 1): 1,
(a[n-2], c[n-11, 1, 0): 1,
(a[n-1], c[n-11, 1, 0): 1,
(a[n-1], c[nl, 0, 0): 1,
(b[n-2], bln-11, 1, 0): 1,
(b[n-2], c[n-11, 1, 0): 1,
(b[n-1], c[n-11, 0, 0): 1,
(b[n-11, c[n], 1, 0): 1

}

left_end.update(right_end) #update the chain
# build the required number of middle elements and add to the chain

for i in range((n-3)//2):
left_end.update({

(a[2%i+1], a[2*i+2], 1, 1):1,
(al[2%i+1], c[2*i+2], 1, 0):1,
(al[2%i+2], c[2*i+2], 1, 0):1,
(a[2*i+2], c[2*i+3], 0, 0):1,
(a[2*i+2], a[2%i+3], 0, 0):1,
(a[2*i+3], c[2*i+3], 0, 0):1,
(b[2*i+1], b[2*i+2], 1, 0):1,
(b[2%i+1], c[2*i+2], 1, 0):1,
(b[2*i+2], c[2*i+2], 0, 0):1,
(b[2%i+2], c[2*i+3], 1, 0):1,
(b[2%i+2], b[2*i+3], 1, 0):1,
(b[2*%i+3], c[2*i+3], 0, 0):1,

)
return left_end
n = 9 #define number of pairs, must be odd

# butlt the kets for the n-pair entangled state to check the result
target = [np.unique(list(itertools.permutations(comb)), axis=0) for comb in
itertools.combinations_with_replacement ([0, 1], n)]
target_kets = []
for comb in target:
for perm in comb:
target_kets.append([*perm, *perm])
target_kets = sorted(target_kets)
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# butld the graph object to compute the state from the graph

ES_np = construct2D_ES_chain(n)

ES_np = fc.Graph(ES_np)

ES_np.getState()

state = hf.readableState(ES_np.state) #get a readable state

state_kets = sorted(np.array(ES_np.state.kets) [:,:,1][:,:2*n].tolist()) #get a
sorted list of kets

print (f"number of unique_ kets: {len(list(state.keys()))}/{2x*n}")

print(f"aliceuandubobushareualluphotonustatesuinuallukets?:u{np.array_equal(np
.array(ES_np.state.kets) [:,:,1][:,:n], np.array(ES_np.state.kets)
[:,:,11[:,n:2%n])}")

print (f"correctstate?: {np.array_equal(state_kets, target_kets)}")
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