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Quantum Many-Body Problem
size of Hilbert space exponential in number of subsystems

|hj1, j2, . . . , jN | i|2 = |cj1,j2,...,jN |2
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probability distribution

2N
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possible events

use stochastic generative neural netw. to model distribution 
→ only specify network parameters (weights and biases) 
→ can be more efficient

| i =
X1

j1,j2,...,jN=0
cj1,j2,...,jN |j1, j2, . . . , jN i
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Carleo and Troyer, Science 355, 602 (2017) 

→ talk by Filippo Vicentini

has been done for closed systems 
this talk → open systems



Restricted Boltzmann Machines

probability for 
physical configuration 
in thermal equilibrium:

P (~v) =
e��E(~v)

Z

probability for configuration:

P (~v,~h) = exp
hX

i,j
wijvihj +

X
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bjhj +

X
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aivi
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neural network with 1 ‘visible’ 
and 1 ‘hidden’ layer

e��E(~v)

Z
=

X

{~h}

P (~v,~h)sufficiently many hidden neurons  
→ can train parameters such that:



Neural Network States

can model very nonlocal correlations

parametrization
c~l(↵1,↵2, . . . ,↵MN+M+N )

efficient if MN +M +N ⌧ 2N

RBM summed over all 
configurations of hidden layer

c~l = exp

✓XN

n=1
anln

◆
⇥
YM

k=1
cosh
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bk +

XN

n=1
wk,nln

◆

qubits: visible layer of neural 
network (N visible, M hidden)

| i =
X

~l
c~l |l1, . . . lN i
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Ground State Approximation
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best neural-network representation of the un-
known ground state of a given Hamiltonian H.
In this context, reinforcement learning is realized
through minimization of the expectation value
of the energy EðWÞ ¼ hYM jHjYMi=hYM jYMi
with respect to the network weights W. In the
stochastic setting, this is achieved with an iterative
scheme. At each iteration k, a Monte Carlo sampl-
ing of jYM ðS;WkÞj2 is realized for a given set of
parametersWk. At the same time, stochastic esti-
mates of the energy gradient are obtained. These
are then used to propose a next set of weights
Wkþ1 with an improved gradient-descent optimi-
zation (32). The overall computational cost of
this approach is comparable to that of standard
ground-state QMC simulations (see supplemen-
tary materials).
To validate our scheme, we consider the prob-

lem of finding the ground state of two prototyp-
ical spin models, the transverse-field Ising (TFI)
model and the antiferromagnetic Heisenberg
(AFH) model. Their Hamiltonians are

HTFI ¼ −h
X

i

sxi −
X
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szi s
z
j

and

HAFH ¼
X

ij
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x
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y
j þ szi s

z
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respectively, where sx; sy; and sz are Pauli matrices.
In the following, we consider the case of both

one- and two-dimensional (1D and 2D) lattices
with periodic boundary conditions (PBCs). In
Fig. 2, we show the optimal network structure
of the ground states of the two spin models for
hidden-variable density a = 4 and with imposed
translational symmetries. We find that each fil-
ter f ¼ ½1;… ; a& learns specific correlation features
emerging in the ground-state wave function. For
example, in the 2D case (Fig. 2, rightmost panels)
the neural network learns patterns correspond-
ing to antiferromagnetic correlations. The gen-
eral behavior of the NQS is completely analogous
to that observed in convolutional neural networks,
where different layers learn specific structures of
the input data.
In Fig. 3, we show the accuracy of the NQS,

quantified by the relative error on the ground-
state energy Drel ¼ ðENQSðaÞ−EexactÞ=jEexactj, for
several values of a and model parameters. In Fig.
3A, we compare the variational NQS energies with
the exact result obtained by the fermionization of
the TFI model, on a 1D chain with PBCs. The
most notable result is that NQS achieve a con-
trollable and arbitrary accuracy that is compatible
with a power-law behavior in a. The hardest-to-
learn ground state is at the quantum critical point
h = 1, where nonetheless a notable accuracy of
one part per million can be easily achieved with
a relatively modest density of hidden units. The
same accuracy is obtained for the more complex
1D AFH model (Fig. 3B). In this case, we also ob-
serve a systematic drop in the ground-state energy

error, which, for a small a = 4, attains the same
high precision obtained for the TFI model at the
critical point. The accuracy of our model is sev-
eral orders of magnitude higher than the spin-
Jastrow ansatz (dashed line in Fig. 3B). It is also
interesting to compare the value of a with the
MPS bond dimension M needed to reach the
same level of accuracy. For example, on the AFH
model with PBCs, we find that with a standard
density matrix renormalization group (DMRG)
implementation (33), we need M ~ 160 to reach
the accuracy NQS have at a = 4. This points
toward a more compact representation of the
many-body state in the NQS case, which fea-
tures about three orders of magnitude fewer var-
iational parameters than the corresponding MPS
ansatz.
We next studied the AFH model on a 2D

square lattice (for a comparison with QMC re-
sults, see Fig. 3C) (34). As expected from en-
tanglement considerations, the 2D case proves
harder for the NQS. Nonetheless, we always
find a systematic improvement of the variational

energy upon increasing a, qualitatively similar
to the 1D case. The increased difficulty of the
problem is reflected in a slower convergence. We
still obtain results at the level of existing state-
of-the-art methods or better. In particular, with
a relatively small hidden-unit density (a ~ 4), we
already obtain results at the same level as the
best-known variational ansatz for finite clusters
[the entangled plaquette states (EPS) of (35)
and the projected entangled pair states (PEPS)
of (36)]. Further increasing a then leads to a siz-
able improvement and, consequently, yields the
best variational results reported to date for this
2D model on finite lattices.

Unitary dynamics

NQS are not limited to ground-state problems
but can be extended to the time-dependent
Schrödinger equation. For this purpose, we de-
fine complex-valued and time-dependent network
weights WðtÞ that, at each time t, are trained to
best reproduce the quantum dynamics, in the sense
of the Dirac-Frenkel time-dependent variational
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Fig. 3. Finding the many-body ground-state energy with neural-network quantum states (NQS).
The error of the NQS ground-state energy relative to the exact value is shown for several test cases.
Arbitrary precision on the ground-state energy can be obtained upon increasing the hidden-unit density a.
(A) Accuracy for the 1D TFI model, at a few values of the field strength h and for an 80-spin chain with
periodic boundary conditions (PBCs). Points below 10–8 are not shown to enhance readability. (B) Accuracy
for the 1D AFH model, for an 80-spin chain with PBCs, compared with the Jastrow ansatz (horizontal
dashed line). (C) Accuracy for the AFH model on a 10-by-10 square lattice with PBCs, compared with the
precision obtained by EPS [upper dashed line (35)] and PEPS [lower dashed line (36)]. For all cases
considered here, the NQS approach reaches MPS-grade accuracies in one dimension and systematically
improves the best known variational states for 2D finite lattice systems.
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Fig. 4. Many-body unitary time evolution with NQS. NQS results (solid lines) for the time evolution
induced by a quantum quench in the microscopic parameters of the models we study (the transverse
field h for the TFI model and the coupling constant Jz in the AFH model) are shown. (A) Time-dependent
transverse spin polarization in the TFI model, compared to exact results (dashed lines). (B) Time-
dependent nearest-neighbors spin correlations in the AFH model, compared to exact numerical results
obtained with t-DMRG (dashed lines). All results refer to 1D chains representative of the thermodynamic
limit, with finite-size corrections smaller than the line widths.

RESEARCH | RESEARCH ARTICLE

on Septem
ber 19, 2017

 
http://science.sciencem

ag.org/
D

ow
nloaded from

 

G. Carleo and M. Troyer, Science 355, 602 (2017)

similar accuracies as Tensor Networks in 1D 
improves best known variational results for 2D

1D, N = 80

↵ = M/N

E = min
h |H| i
h | i
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find state with lowest energy 
by optimizing the parameters

→ phase diagram  
→ quantum phase transitions



Quantum Dynamics
not only interested in ground states

ground states often obey an area law (gapped systems) 
→ bound on entanglement entropy 
→ tensor networks become efficient

@t| i = �iH| i
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non-equilibrium dynamics

2

FIG. 1. Relaxation of the density pattern. (a) Concept of the exper-
iment: after having prepared the density wave | (t = 0)i (i), the
lattice depth was rapidly reduced to enable tunneling (ii). Finally,
the properties of the evolved state were read out after all tunneling
was suppressed again (iii). (b) Even-odd resolved detection: parti-
cles on sites with odd index were brought to a higher Bloch band. A
subsequent band-mapping sequence was used to reveal the odd- and
even-site populations [13, 14]. (c) Integrated band-mapping profiles
versus relaxation time t for h/(4J) ' 0.9ms, U/J = 5.16(7) and
K/J ' 9 ⇥ 10�3. (d) Odd-site density extracted from the raw data
shown in c. The shaded area marks the envelope for free Bosons
(light grey) and including inhomogeneities of the Hubbard parame-
ters in the experimental system (dark grey).

Finally we added to the long lattice another optical lattice with
wavelength �xs = 765 nm = �xl/2 (“short lattice”) with the
relative phase between the two adjusted to load every second
site of the short lattice [14, 21]. Completely removing the
long lattice gave an array of practically isolated 1D density
waves | N i = | · · · , 1, 0, 1, 0, 1, · · · i – thus realizing step (i)
– with a distribution of particle numbers N and thus lengths
L = 2N � 1 given by the external confinement. For our pa-
rameters, we expect chains with a maximal particle number of
Nmax ' 43 and a mean value of N̄ ' 31 (see Supplementary
Material for details on the loading procedure).

To initialize the many-body relaxation dynamics of step (ii),
we quenched the short-lattice depth to a small value within
200µs, allowing the atoms to tunnel along the x-direction.
After a time t, we rapidly ramped up the short lattice to its
original depth, thus suppressing all tunneling. Finally, we
read out the properties of the evolved state in terms of den-
sities, currents and coherences in step (iii). Note that in the
experiments we always measured the full ensemble average
X(t) = E{N}h N (t)|X̂| N (t)i of an observable X̂ over the
array of chains (denoted by the averaging operator E{N}),
rather than the expectation value for a single chain with N

particles.
Relaxation of quasi-local densities. We first discuss mea-

surements of the density on sites with either even or odd index.
After the time evolution, we transferred the population on odd
sites to a higher Bloch band using the superlattice and detected
these excitations employing a band-mapping technique (see
Fig. 1b) [13, 14]. Fig. 1c shows the integrated band-mapping

U/J = 3.60(4)
K/J = 7·10-3
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FIG. 2. Relaxation of the local density for different interaction
strengths. We plot the measured traces of the odd-site population
nodd(t) for four different interaction strengths U/J (circles). The
solid lines are ensemble-averaged results from t-DMRG simulations
without free parameters. The dashed lines represent simulations in-
cluding next-nearest neighbor hopping with a coupling matrix ele-
ment JNNN/J ' 0.12 (a), 0.08 (b), 0.05 (c) and 0.03 (d) calculated
from the single-particle band structure.

profiles as a function of relaxation time for h/(4J) ' 0.9ms,
U/J = 5.16(7) and K/J ' 9 ⇥ 10

�3. We plot the resulting
traces nodd(t) in Fig. 1d. We generally observe oscillations
in nodd with a period T ' h/(4J) which rapidly dampen out
within 3-4 periods to a steady value of ' 0.5. The same qual-
itative behavior is found in a wide range of interactions (see
Fig. 2).

We performed t-DMRG calculations, keeping up to 5000

states in the matrix-product state simulations (solid lines in
Fig. 2). The Bose-Hubbard parameters used in these sim-
ulations were obtained from the respective set of experi-
mental control parameters. Furthermore, we took into ac-
count the geometry of the experimental setup by perform-
ing the corresponding ensemble average E{N} over chains
with different particle numbers N (see Supplementary Ma-
terial). For the times accessible in the simulations, these av-
erages differ only slightly from the traces obtained for a sin-
gle chain with the maximal particle number Nmax = 43 of
the ensemble (see Supplementary Material). For interaction
strengths U/J . 6 (Fig. 2a-c), we find a good agreement
of the experimental data and the simulations. In this regime,
only small systematic deviations can be observed, which are
strongest for the smallest value of U/J which corresponds
to the smallest lattice depth. They can be attributed to the
breakdown of the tight-binding approximation for shallow lat-
tices which gives rise to a significant amount of longer-ranged
hopping. When including a next-nearest neighbor hopping
term �JNNN

P
j
(â

†
j
âj+2 + h.c.) in the t-DMRG simulations

we obtain quantitative agreement with the experimental data
(dashed line in Fig. 2). For larger values of U/J and corre-
spondingly deeper lattices, the tight-binding approximation is
valid. For U/J & 10 (Fig. 2d), larger deviations are found.
Here, the dynamics become more and more affected by resid-
ual inter-chain tunneling and non-adiabatic heating as the ab-

Trotzky et al., Nat. Phys. 8, 325 (2012)

isolated quantum system 
→ idealization



interaction
system environment

Open Quantum Systems

we investigate this

systems we investigate are never perfectly isolated

bi-partite quantum system 
typically entangled 
→ system in mixed state

matrix elementsdim(H)2
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→ even more demanding than pure states



Dissipative Lattice Systems



Driven-Dissipative Systems

Kasprzak et al., 
Nature 443, 409 (2006) 
Sieberer et al., 
Rep. Prog. Phys. 79, 096001 (2016)

exciton-polariton 
condensation

optical lattices

Diehl et al.,  
Nat. Phys. 4, 878 (2008) 
Baumann et al., 
Nature 464, 1301 (2010)

superconducting  
circuits

Hartmann, 
J. Opt. 18, 104005 (2016) 
Ma, et al.,  
Nature 566, 51–57, (2019)

→ interesting quantum 
many-body physics 
→ phase transitions 
between steady states?



Quantum Computers & Dissipation
2D quantum  
lattice-system  

dissipation:  
T₁ and T₂

need better suited method

PEPS: challenging, 
no efficient 
contraction

Kshetrimayum, Weimer & Orus,  
Nat. Commun. 8, 1291 (2017)

will soon reach size that 
can’t be modeled exactly



Dissipative Quantum Many-Body 
Problem

unitary dynamics of system 
could also be gate sequence

dissipation

⇢̇ = �i[H, ⇢]

+
X

j

�

2
(2��

j ⇢�
+
j � {�+

j �
�
j , ⇢})
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exceedingly many degrees of freedom 22N
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Neural Network Density Matrices

⇢̂ =
1X

l1,...,lN ,r1,...,rN=0

⇢~l,~r |l1ihr1|⌦ · · ·⌦ |lN ihrN |
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parametrization
⇢~l,~r(↵1,↵2, . . . ,↵n)
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 : visible layer of 
   restricted Boltzmann 
   machine

⇢~l,~r
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Stochastic Reconfiguration
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Monte Carlo and Sampling
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Un-isotropic Heisenberg Lattice 
with Dissipation 
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First Results: Dynamics
chain of 5 spins with periodic boundary conditions

B = 10�, Jx = 20�, Jy = 0, Jz = 10�
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First Results: Steady States
chain of 16 spins with open boundary conditions
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36 hidden neurons, sample size 200k
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Hartmann & Carleo, arXiv:1902.05131
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‣ machine learning in quantum science 
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‣ near term applications of NISQ hardware 
hartmann.mj@gmail.com
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Thank you for listening

quantumdynamics.eps.hw.ac.uk @hartmannquantum

➡ improve code, integration into NetKet: www.netket.org 
➡ different networks, complex variational parameters,…
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