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flow and scatter, thus generating novel output quantum states, as verified by transport studies with 
independently scanning detectors (APD, 20 ps resolution, single-photon sensitivity, already 
available) or via photon-counting cameras such as EMCCD (Princeton, noise below one photon, 
already available), which can image a large number of network output channels in a single shot. In 
parallel to the experiments, the network will be modelled through a graph solution to the Maxwell’s 
equation as shown by Sapienza in Ref. [7]. An instance of such technique is shown in Fig. 3. Building 
on this tool, Paternostro’s team will device diagnostics/inference techniques for the characterisation 
of such states. In particular, they will focus on the formulation of witness-based methods for state 
inference, where the measurements to be performed in the Sapienza’s lab will be aimed at 
quantifying the value of specific (and relevant) multi-point correlations functions with which a lower 
bound to the quality of the synthesised state will be established.  

Objective 2: Quantum state synthesis by specifically designed networks. 
We will fabricate designed-disordered networks by electron beam lithography, in gallium phosphide 
on glass at Imperial and in silicon nitride membrane via current collaborations with ORC, 
Southampton, the first samples are already available as in Fig. 1. The specific network design will 
implement specific transformations for the light flowing through them. For this part of the work-
program, the main challenge will lie in the ability to fabricate the network that - within the fabrication 
tolerances - corresponds to the expected transformation. A continue feedback theory-experiment will 
guide us through this phase, and one of the key results will be the development of a quantum 
algorithm to implement these transformations. Validation will be done as in Objective 1, by 
comparing the intensity and correlations of the light transmitted through the network with the 
predicted one.  

Objective 3: Quantum state synthesis by shaping the injected light. 
We will synthesise quantum states by designing 
the shape of the wave-front of individual 
photons, using a programmable digital mirror 
(such as a spatial light modulator) as pioneered 
by the Co-PI Gigan [11], and assisted by 
machine learning (cf. Fig. 2): we will use 
supervised learning approaches to “guide” the 
output signal towards a desired target state by 
determining, in an adaptive manner, the shape 
of the wave-front of the input signal (cf. Fig. 5). 
The goal is to “learn” the ideal incident light 
pattern to couple to a subset of optical modes 
and lead to the desired output state. We will 
focus on the preparation of states showcasing 
genuine quantum features, from large-scale 
quantum coherence to multipartite 
entanglement. The algorithm can be guided by optimising simple features such as coincidence 
counts or classical intensities. The quality of the generated states will be evaluated at the end of the 
protocol by estimating tight lower bounds to state fidelity through the methods developed in Belfast 
by the Co-PI Paternostro and his team [13].   

Objective 4: Quantum state synthesis by actively tuning the network. 
We will exploit classical randomness (given by the complex nature of the network and scattering 
process) and quantum coherence generated by scattering itself to design universal transformations 
on N-dimensional quantum systems. We will implement them on the network using the results of 
Objective 2 and 3. We will tune the network by changing its optical properties, either by local heating 
(at the slow rate of a few Hz [14]), electrically stressing its shape (intermediate rate of 100s Hz), or 
through electro-optic polymers (fast 40 GHz) [15] or optical means (fast rate, GHz) as recently shown 
in Ref. [9]. Building on the previous objectives and the measurement constrains we will decide which 
is the optimal strategy. The methodology based on machine learning illustrated in Objective 3 will 
be employed here as well and extended to the design of simple computational tasks that will 
benchmark the flexibility of our proposed approach.   

 
Figure 5: Through a supervised learning stage, we will 
“learn” how to arrange for the right wave-front of the input 
light to a nanophotonic network to synthesise a desired 
target output states.   
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FIG. 1. Multimode-fiber based programmable linear-optical network (a) Conceptual schematics of the apparatus.
Photon pairs produced by spontaneous parametric down-conversion (SPDC) are injected into a multimode fiber (MMF) along
orthogonal polarizations using spatial light modulators (SLM). We use commercial MMF (Thorlabs, GIF50C) as a tool to achieve
mode mixing. The transmission matrix (TM) is measured across spatial and polarization modes of the MMF. The wavefront
corresponding to a desired linear transformation Li is calculated and displayed on the SLMs (cf. Methods). Output ports of
interest are selected by two single-mode fiber-based polarization beamsplitters (fPBS) mounted on translation stages. These
correspond to two spatial modes and two polarizations labeled as (H1, V1, H2, V2). Light is detected by avalanche photodiodes
(APDs) connected to a coincidence electronics. The output plane of the MMF is imaged onto an electron multiplying charge-
coupled device (EMCCD) camera along both polarizations (H and V). (b) An arbitrary 4⇥ 2 linear network Li is implemented
by shaping the spatial phases of each input port Hin and Vin. For each input, the predicted output fields after propagation
through the MMF are shown. We observe that light is focused into the four targeted output ports with the desired amplitudes
and phases. (L: lenses, F: filter, HWP: half wave plate, PBS: polarizing beamsplitter, D: Iris diaphragm, FM: Flip Mirror, WP:
Wollaston prism, BS: beamsplitter.)

the spatial light modulators (SLM). We implement 4-
output ⇥ 2-input optical networks simulating the action
of four-dimensional Fourier [22] and Sylvester [23] inter-
ferometers. These interferometers are used for certifying
indinstiguishability between input photons via verifying
a suppression criteria [24, 25]. Here, we verify this cri-
teria for a specific two-photon input state by measuring
the full set of output two-fold coincidence (Fig. 2). Max-
imum two-photon visibility values measured after prop-
agation through the MMF (0.96 ± 0.01) and directly at
the SPDC source (0.95±0.03) are the same, showing that
the platform does not introduce significant temporal dis-
tinguishability between photon pairs. The results show
quantum distinctive features: values of the degree of vi-
olation D, defined as the probability of occupying two-
photon states in all suppression configurations [22, 23],
are as small as 0.022± 0.009 (Fourier interferometer, for
(1, 3) and (2, 4) input pairs) and 0.014± 0.008 (Sylvester
interferometer, for all input pairs).

Thanks to the high number of propagation modes sup-
ported by the MMF, we can manipulate phase and am-
plitude of each element in an optical network indepen-
dently. To demonstrate this ability, we implement the

non-unitary transformation L
N

, defined as
�

1 �1

�1 1

�⌦2

,
which maps all two-photon interferences into photon
anti-coalescences (Fig. 2). The error between the exper-
imentally synthesised transformation and the theoreti-
cally desired one is defined as �V = h|V exp

ij � V th

ij |iij ,
where V

exp(th)

ij is the experimental (theoretical) visibil-
ity over the (i, j) output ports. We measure �V =
0.05 ± 0.04 on average over all transformations (cf. SI),
thus demonstrating accurate control over a 4 ⇥ 2 lin-
ear transformations across spatial-polarization degrees of
freedom.

We now illustrate the use of our experimental plat-
form to simulate coherent absorption, a well-known phe-
nomenon in quantum transport [26]. A typical case is
the interaction of a NOON state |N, 0i+eiN� |0, Ni)/p2
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A simple question

The gates that we would need
L. Innocenti, L. Banchi, A. Ferraro, S. Bose, and M. Paternostro, arXiv: 1803.07119

Is it possible to synthesise exactly a gate      from a generator 
comprising operations drawn only from an assigned Γ? 
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We present a general framework to tackle the problem of finding time-independent dynamics generating target
unitary evolutions. We show that this problem is equivalently stated as a set of conditions over the spectrum of
the time-independent gate generator, thus transforming the task to an inverse eigenvalue problem. We illustrate
our methodology by identifying suitable time-independent generators implementing To↵oli and Fredkin gates
without the need for ancillae or e↵ective evolutions. We show how the same conditions can be used to solve
the problem numerically, via supervised learning techniques. In turn, this allows us to solve problems that are
not amenable, in general, to direct analytical solution, providing at the same time a high degree of flexibility
over the types of gate-design problems that can be approached. As a significant example, we find generators for
the To↵oli gate using only diagonal pairwise interactions, which are easier to implement in some experimental
architectures. To showcase the flexibility of the supervised learning approach, we give an example of a nontrivial
four-qubit gate that is implementable using only diagonal, pairwise interactions.

Let us consider the synthesis of a quantum operation G
(a gate) from the underlying dynamics of a quantum system.
Unitarity of G allows for the identification of a Hermitian gen-
eratorHG such that G = eiHG (we assume units such that the
simulation time t is dimensionless, and rescale it so that the
desired gate is successfully achieved at t = 1). In general, such
generator typically contains highly non-local interactions that
can be di�cult to realize in a given physical setup. However,
for a choice of the platform to use for the implementation of
G, it is generally possible to single out a sub-set � of physical
interactions that can be realized relatively easily and inexpen-
sively. The question that we aim at addressing here is thus: is
it possible to synthesise G from a generator HG comprising
operations drawn only from an assigned �?

This question is very relevant in the context of quantum sim-
ulation, for instance, where the problem of general reachability
of a target dynamics, given a set of physical interactions to be
used to construct the simulation strategy, is key [1]. However,
it is also important for the realization of large-scale quantum
computation [2, 3], which relies on the capability of imple-
menting entangling gates between many qubits and with high
fidelity. A notable case is the quantum To↵oli gate, a uni-
versal reversible logic three-qubit gate [4] that is optimal for
quantum error correction [5–8], and is a key component for
reversible arithmetic operations such as modular exponenti-
ation [9]. Unfortunately, the natural dynamics generating a
To↵oli gate requires non-local three-qubit interactions, which
cannot be easily implemented in experimental architectures.
Possible ways to overcome the limitation of gate synthesis,
simulation, and reachability, typically consists of a suitable use
of the additional processing power o↵ered by larger Hilbert
spaces [10] encompassing ancillary information carriers, and
the embedding of quantum control techniques [11].

The identification of suitable alternatives to such expensive
strategies for gate synthesis and simulation would represent
a significant contribution to the ongoing e↵ort towards the
translation of theoretical protocols to the production line of
quantum technologies [12].

In this Letter we show that, by exploiting symmetries and

degeneracy of the target gate, and making use of the power of
machine learning-enhanced quantum information processing,
it is indeed possible to identify successful architectures for
arbitrary gate synthesis and simulation. More specifically,
given a certain set � of physical interactions that can be realized
inexpensively in a given physical platform, we introduce three
conditions that, if met, produce a Hamiltonian H̃ comprising
only operations drawn from � and such that G = exp(iH̃).

On one hand, the abovementioned conditions can be used to
find exact gate-design strategies. We show relevant instances
of such possibility by devising To↵oli and Fredkin gates using
only pairwise interactions. On the other hand, the same condi-
tions provide enhanced numerical ansatz for a speedy design of
arbitrary N-qubit gates. In particular, we present a supervised-
learning optimisation technique to train qubit networks, and
demonstrate algorithm-training instances of three-qubit To↵oli
and Fredkin gates. We go beyond the three-qubit scenario by
designing a four-qubit gate using only two-qubit interactions.
A significant boost in performance is here made possible by
the use of automatic di↵erentiation, which allows to speed-up
gradient-descent-based optimization techniques in a flexible
way, at the same time avoiding numerical errors and instabili-
ties arising from numerical di↵erentiation techniques.

We also discuss the implications of our framework for prob-
lems extending beyond the field of quantum computing and
addresssing quantum communication via perfect state-transfer
approaches [13, 14].

General methodology.– We start our analysis by com-
puting the Hamiltonian HG that generates the target gate
G = eiHG . Using the spectral decomposition of G, we have
HG = �iU Log(⇤)U†, where G = U⇤U†, Log denotes the
principal branch of the logarithm, and ⇤ is a diagonal matrix
with the eigenvalues of U. Fixing a branch for the logarithm
makes it single-valued, andHG uniquely determined from G.
In general, the generatorHG will contain both physical interac-
tions, that can be realized easily in a given physical setup, and
unphysical ones, i.e. dynamics that are not naturally achieved
in the chosen experimental platform of the problem. Our goal is
to construct a new Hamiltonian H̃G, comprising only physical
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of a target dynamics, given a set of physical interactions to be
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cannot be easily implemented in experimental architectures.
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simulation, and reachability, typically consists of a suitable use
of the additional processing power o↵ered by larger Hilbert
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the embedding of quantum control techniques [11].
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strategies for gate synthesis and simulation would represent
a significant contribution to the ongoing e↵ort towards the
translation of theoretical protocols to the production line of
quantum technologies [12].

In this Letter we show that, by exploiting symmetries and

degeneracy of the target gate, and making use of the power of
machine learning-enhanced quantum information processing,
it is indeed possible to identify successful architectures for
arbitrary gate synthesis and simulation. More specifically,
given a certain set � of physical interactions that can be realized
inexpensively in a given physical platform, we introduce three
conditions that, if met, produce a Hamiltonian H̃ comprising
only operations drawn from � and such that G = exp(iH̃).

On one hand, the abovementioned conditions can be used to
find exact gate-design strategies. We show relevant instances
of such possibility by devising To↵oli and Fredkin gates using
only pairwise interactions. On the other hand, the same condi-
tions provide enhanced numerical ansatz for a speedy design of
arbitrary N-qubit gates. In particular, we present a supervised-
learning optimisation technique to train qubit networks, and
demonstrate algorithm-training instances of three-qubit To↵oli
and Fredkin gates. We go beyond the three-qubit scenario by
designing a four-qubit gate using only two-qubit interactions.
A significant boost in performance is here made possible by
the use of automatic di↵erentiation, which allows to speed-up
gradient-descent-based optimization techniques in a flexible
way, at the same time avoiding numerical errors and instabili-
ties arising from numerical di↵erentiation techniques.

We also discuss the implications of our framework for prob-
lems extending beyond the field of quantum computing and
addresssing quantum communication via perfect state-transfer
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puting the Hamiltonian HG that generates the target gate
G = eiHG . Using the spectral decomposition of G, we have
HG = �iU Log(⇤)U†, where G = U⇤U†, Log denotes the
principal branch of the logarithm, and ⇤ is a diagonal matrix
with the eigenvalues of U. Fixing a branch for the logarithm
makes it single-valued, andHG uniquely determined from G.
In general, the generatorHG will contain both physical interac-
tions, that can be realized easily in a given physical setup, and
unphysical ones, i.e. dynamics that are not naturally achieved
in the chosen experimental platform of the problem. Our goal is
to construct a new Hamiltonian H̃G, comprising only physical
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In general, the generatorHG will contain both physical interac-
tions, that can be realized easily in a given physical setup, and
unphysical ones, i.e. dynamics that are not naturally achieved
in the chosen experimental platform of the problem. Our goal is
to construct a new Hamiltonian H̃G, comprising only physical
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We present a general framework to tackle the problem of finding time-independent dynamics generating target
unitary evolutions. We show that this problem is equivalently stated as a set of conditions over the spectrum of
the time-independent gate generator, thus transforming the task to an inverse eigenvalue problem. We illustrate
our methodology by identifying suitable time-independent generators implementing To↵oli and Fredkin gates
without the need for ancillae or e↵ective evolutions. We show how the same conditions can be used to solve
the problem numerically, via supervised learning techniques. In turn, this allows us to solve problems that are
not amenable, in general, to direct analytical solution, providing at the same time a high degree of flexibility
over the types of gate-design problems that can be approached. As a significant example, we find generators for
the To↵oli gate using only diagonal pairwise interactions, which are easier to implement in some experimental
architectures. To showcase the flexibility of the supervised learning approach, we give an example of a nontrivial
four-qubit gate that is implementable using only diagonal, pairwise interactions.

Let us consider the synthesis of a quantum operation G
(a gate) from the underlying dynamics of a quantum system.
Unitarity of G allows for the identification of a Hermitian gen-
eratorHG such that G = eiHG (we assume units such that the
simulation time t is dimensionless, and rescale it so that the
desired gate is successfully achieved at t = 1). In general, such
generator typically contains highly non-local interactions that
can be di�cult to realize in a given physical setup. However,
for a choice of the platform to use for the implementation of
G, it is generally possible to single out a sub-set � of physical
interactions that can be realized relatively easily and inexpen-
sively. The question that we aim at addressing here is thus: is
it possible to synthesise G from a generator HG comprising
operations drawn only from an assigned �?

This question is very relevant in the context of quantum sim-
ulation, for instance, where the problem of general reachability
of a target dynamics, given a set of physical interactions to be
used to construct the simulation strategy, is key [1]. However,
it is also important for the realization of large-scale quantum
computation [2, 3], which relies on the capability of imple-
menting entangling gates between many qubits and with high
fidelity. A notable case is the quantum To↵oli gate, a uni-
versal reversible logic three-qubit gate [4] that is optimal for
quantum error correction [5–8], and is a key component for
reversible arithmetic operations such as modular exponenti-
ation [9]. Unfortunately, the natural dynamics generating a
To↵oli gate requires non-local three-qubit interactions, which
cannot be easily implemented in experimental architectures.
Possible ways to overcome the limitation of gate synthesis,
simulation, and reachability, typically consists of a suitable use
of the additional processing power o↵ered by larger Hilbert
spaces [10] encompassing ancillary information carriers, and
the embedding of quantum control techniques [11].

The identification of suitable alternatives to such expensive
strategies for gate synthesis and simulation would represent
a significant contribution to the ongoing e↵ort towards the
translation of theoretical protocols to the production line of
quantum technologies [12].

In this Letter we show that, by exploiting symmetries and

degeneracy of the target gate, and making use of the power of
machine learning-enhanced quantum information processing,
it is indeed possible to identify successful architectures for
arbitrary gate synthesis and simulation. More specifically,
given a certain set � of physical interactions that can be realized
inexpensively in a given physical platform, we introduce three
conditions that, if met, produce a Hamiltonian H̃ comprising
only operations drawn from � and such that G = exp(iH̃).

On one hand, the abovementioned conditions can be used to
find exact gate-design strategies. We show relevant instances
of such possibility by devising To↵oli and Fredkin gates using
only pairwise interactions. On the other hand, the same condi-
tions provide enhanced numerical ansatz for a speedy design of
arbitrary N-qubit gates. In particular, we present a supervised-
learning optimisation technique to train qubit networks, and
demonstrate algorithm-training instances of three-qubit To↵oli
and Fredkin gates. We go beyond the three-qubit scenario by
designing a four-qubit gate using only two-qubit interactions.
A significant boost in performance is here made possible by
the use of automatic di↵erentiation, which allows to speed-up
gradient-descent-based optimization techniques in a flexible
way, at the same time avoiding numerical errors and instabili-
ties arising from numerical di↵erentiation techniques.

We also discuss the implications of our framework for prob-
lems extending beyond the field of quantum computing and
addresssing quantum communication via perfect state-transfer
approaches [13, 14].

General methodology.– We start our analysis by com-
puting the Hamiltonian HG that generates the target gate
G = eiHG . Using the spectral decomposition of G, we have
HG = �iU Log(⇤)U†, where G = U⇤U†, Log denotes the
principal branch of the logarithm, and ⇤ is a diagonal matrix
with the eigenvalues of U. Fixing a branch for the logarithm
makes it single-valued, andHG uniquely determined from G.
In general, the generatorHG will contain both physical interac-
tions, that can be realized easily in a given physical setup, and
unphysical ones, i.e. dynamics that are not naturally achieved
in the chosen experimental platform of the problem. Our goal is
to construct a new Hamiltonian H̃G, comprising only physical
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eratorHG such that G = eiHG (we assume units such that the
simulation time t is dimensionless, and rescale it so that the
desired gate is successfully achieved at t = 1). In general, such
generator typically contains highly non-local interactions that
can be di�cult to realize in a given physical setup. However,
for a choice of the platform to use for the implementation of
G, it is generally possible to single out a sub-set � of physical
interactions that can be realized relatively easily and inexpen-
sively. The question that we aim at addressing here is thus: is
it possible to synthesise G from a generator HG comprising
operations drawn only from an assigned �?

This question is very relevant in the context of quantum sim-
ulation, for instance, where the problem of general reachability
of a target dynamics, given a set of physical interactions to be
used to construct the simulation strategy, is key [1]. However,
it is also important for the realization of large-scale quantum
computation [2, 3], which relies on the capability of imple-
menting entangling gates between many qubits and with high
fidelity. A notable case is the quantum To↵oli gate, a uni-
versal reversible logic three-qubit gate [4] that is optimal for
quantum error correction [5–8], and is a key component for
reversible arithmetic operations such as modular exponenti-
ation [9]. Unfortunately, the natural dynamics generating a
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cannot be easily implemented in experimental architectures.
Possible ways to overcome the limitation of gate synthesis,
simulation, and reachability, typically consists of a suitable use
of the additional processing power o↵ered by larger Hilbert
spaces [10] encompassing ancillary information carriers, and
the embedding of quantum control techniques [11].

The identification of suitable alternatives to such expensive
strategies for gate synthesis and simulation would represent
a significant contribution to the ongoing e↵ort towards the
translation of theoretical protocols to the production line of
quantum technologies [12].

In this Letter we show that, by exploiting symmetries and

degeneracy of the target gate, and making use of the power of
machine learning-enhanced quantum information processing,
it is indeed possible to identify successful architectures for
arbitrary gate synthesis and simulation. More specifically,
given a certain set � of physical interactions that can be realized
inexpensively in a given physical platform, we introduce three
conditions that, if met, produce a Hamiltonian H̃ comprising
only operations drawn from � and such that G = exp(iH̃).

On one hand, the abovementioned conditions can be used to
find exact gate-design strategies. We show relevant instances
of such possibility by devising To↵oli and Fredkin gates using
only pairwise interactions. On the other hand, the same condi-
tions provide enhanced numerical ansatz for a speedy design of
arbitrary N-qubit gates. In particular, we present a supervised-
learning optimisation technique to train qubit networks, and
demonstrate algorithm-training instances of three-qubit To↵oli
and Fredkin gates. We go beyond the three-qubit scenario by
designing a four-qubit gate using only two-qubit interactions.
A significant boost in performance is here made possible by
the use of automatic di↵erentiation, which allows to speed-up
gradient-descent-based optimization techniques in a flexible
way, at the same time avoiding numerical errors and instabili-
ties arising from numerical di↵erentiation techniques.

We also discuss the implications of our framework for prob-
lems extending beyond the field of quantum computing and
addresssing quantum communication via perfect state-transfer
approaches [13, 14].

General methodology.– We start our analysis by com-
puting the Hamiltonian HG that generates the target gate
G = eiHG . Using the spectral decomposition of G, we have
HG = �iU Log(⇤)U†, where G = U⇤U†, Log denotes the
principal branch of the logarithm, and ⇤ is a diagonal matrix
with the eigenvalues of U. Fixing a branch for the logarithm
makes it single-valued, andHG uniquely determined from G.
In general, the generatorHG will contain both physical interac-
tions, that can be realized easily in a given physical setup, and
unphysical ones, i.e. dynamics that are not naturally achieved
in the chosen experimental platform of the problem. Our goal is
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Let us consider the synthesis of a quantum operation G
(a gate) from the underlying dynamics of a quantum system.
Unitarity of G allows for the identification of a Hermitian gen-
eratorHG such that G = eiHG (we assume units such that the
simulation time t is dimensionless, and rescale it so that the
desired gate is successfully achieved at t = 1). In general, such
generator typically contains highly non-local interactions that
can be di�cult to realize in a given physical setup. However,
for a choice of the platform to use for the implementation of
G, it is generally possible to single out a sub-set � of physical
interactions that can be realized relatively easily and inexpen-
sively. The question that we aim at addressing here is thus: is
it possible to synthesise G from a generator HG comprising
operations drawn only from an assigned �?

This question is very relevant in the context of quantum sim-
ulation, for instance, where the problem of general reachability
of a target dynamics, given a set of physical interactions to be
used to construct the simulation strategy, is key [1]. However,
it is also important for the realization of large-scale quantum
computation [2, 3], which relies on the capability of imple-
menting entangling gates between many qubits and with high
fidelity. A notable case is the quantum To↵oli gate, a uni-
versal reversible logic three-qubit gate [4] that is optimal for
quantum error correction [5–8], and is a key component for
reversible arithmetic operations such as modular exponenti-
ation [9]. Unfortunately, the natural dynamics generating a
To↵oli gate requires non-local three-qubit interactions, which
cannot be easily implemented in experimental architectures.
Possible ways to overcome the limitation of gate synthesis,
simulation, and reachability, typically consists of a suitable use
of the additional processing power o↵ered by larger Hilbert
spaces [10] encompassing ancillary information carriers, and
the embedding of quantum control techniques [11].

The identification of suitable alternatives to such expensive
strategies for gate synthesis and simulation would represent
a significant contribution to the ongoing e↵ort towards the
translation of theoretical protocols to the production line of
quantum technologies [12].

In this Letter we show that, by exploiting symmetries and

degeneracy of the target gate, and making use of the power of
machine learning-enhanced quantum information processing,
it is indeed possible to identify successful architectures for
arbitrary gate synthesis and simulation. More specifically,
given a certain set � of physical interactions that can be realized
inexpensively in a given physical platform, we introduce three
conditions that, if met, produce a Hamiltonian H̃ comprising
only operations drawn from � and such that G = exp(iH̃).

On one hand, the abovementioned conditions can be used to
find exact gate-design strategies. We show relevant instances
of such possibility by devising To↵oli and Fredkin gates using
only pairwise interactions. On the other hand, the same condi-
tions provide enhanced numerical ansatz for a speedy design of
arbitrary N-qubit gates. In particular, we present a supervised-
learning optimisation technique to train qubit networks, and
demonstrate algorithm-training instances of three-qubit To↵oli
and Fredkin gates. We go beyond the three-qubit scenario by
designing a four-qubit gate using only two-qubit interactions.
A significant boost in performance is here made possible by
the use of automatic di↵erentiation, which allows to speed-up
gradient-descent-based optimization techniques in a flexible
way, at the same time avoiding numerical errors and instabili-
ties arising from numerical di↵erentiation techniques.

We also discuss the implications of our framework for prob-
lems extending beyond the field of quantum computing and
addresssing quantum communication via perfect state-transfer
approaches [13, 14].

General methodology.– We start our analysis by com-
puting the Hamiltonian HG that generates the target gate
G = eiHG . Using the spectral decomposition of G, we have
HG = �iU Log(⇤)U†, where G = U⇤U†, Log denotes the
principal branch of the logarithm, and ⇤ is a diagonal matrix
with the eigenvalues of U. Fixing a branch for the logarithm
makes it single-valued, andHG uniquely determined from G.
In general, the generatorHG will contain both physical interac-
tions, that can be realized easily in a given physical setup, and
unphysical ones, i.e. dynamics that are not naturally achieved
in the chosen experimental platform of the problem. Our goal is
to construct a new Hamiltonian H̃G, comprising only physical
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Let us consider the synthesis of a quantum operation G
(a gate) from the underlying dynamics of a quantum system.
Unitarity of G allows for the identification of a Hermitian gen-
eratorHG such that G = eiHG (we assume units such that the
simulation time t is dimensionless, and rescale it so that the
desired gate is successfully achieved at t = 1). In general, such
generator typically contains highly non-local interactions that
can be di�cult to realize in a given physical setup. However,
for a choice of the platform to use for the implementation of
G, it is generally possible to single out a sub-set � of physical
interactions that can be realized relatively easily and inexpen-
sively. The question that we aim at addressing here is thus: is
it possible to synthesise G from a generator HG comprising
operations drawn only from an assigned �?

This question is very relevant in the context of quantum sim-
ulation, for instance, where the problem of general reachability
of a target dynamics, given a set of physical interactions to be
used to construct the simulation strategy, is key [1]. However,
it is also important for the realization of large-scale quantum
computation [2, 3], which relies on the capability of imple-
menting entangling gates between many qubits and with high
fidelity. A notable case is the quantum To↵oli gate, a uni-
versal reversible logic three-qubit gate [4] that is optimal for
quantum error correction [5–8], and is a key component for
reversible arithmetic operations such as modular exponenti-
ation [9]. Unfortunately, the natural dynamics generating a
To↵oli gate requires non-local three-qubit interactions, which
cannot be easily implemented in experimental architectures.
Possible ways to overcome the limitation of gate synthesis,
simulation, and reachability, typically consists of a suitable use
of the additional processing power o↵ered by larger Hilbert
spaces [10] encompassing ancillary information carriers, and
the embedding of quantum control techniques [11].

The identification of suitable alternatives to such expensive
strategies for gate synthesis and simulation would represent
a significant contribution to the ongoing e↵ort towards the
translation of theoretical protocols to the production line of
quantum technologies [12].

In this Letter we show that, by exploiting symmetries and

degeneracy of the target gate, and making use of the power of
machine learning-enhanced quantum information processing,
it is indeed possible to identify successful architectures for
arbitrary gate synthesis and simulation. More specifically,
given a certain set � of physical interactions that can be realized
inexpensively in a given physical platform, we introduce three
conditions that, if met, produce a Hamiltonian H̃ comprising
only operations drawn from � and such that G = exp(iH̃).

On one hand, the abovementioned conditions can be used to
find exact gate-design strategies. We show relevant instances
of such possibility by devising To↵oli and Fredkin gates using
only pairwise interactions. On the other hand, the same condi-
tions provide enhanced numerical ansatz for a speedy design of
arbitrary N-qubit gates. In particular, we present a supervised-
learning optimisation technique to train qubit networks, and
demonstrate algorithm-training instances of three-qubit To↵oli
and Fredkin gates. We go beyond the three-qubit scenario by
designing a four-qubit gate using only two-qubit interactions.
A significant boost in performance is here made possible by
the use of automatic di↵erentiation, which allows to speed-up
gradient-descent-based optimization techniques in a flexible
way, at the same time avoiding numerical errors and instabili-
ties arising from numerical di↵erentiation techniques.

We also discuss the implications of our framework for prob-
lems extending beyond the field of quantum computing and
addresssing quantum communication via perfect state-transfer
approaches [13, 14].

General methodology.– We start our analysis by com-
puting the Hamiltonian HG that generates the target gate
G = eiHG . Using the spectral decomposition of G, we have
HG = �iU Log(⇤)U†, where G = U⇤U†, Log denotes the
principal branch of the logarithm, and ⇤ is a diagonal matrix
with the eigenvalues of U. Fixing a branch for the logarithm
makes it single-valued, andHG uniquely determined from G.
In general, the generatorHG will contain both physical interac-
tions, that can be realized easily in a given physical setup, and
unphysical ones, i.e. dynamics that are not naturally achieved
in the chosen experimental platform of the problem. Our goal is
to construct a new Hamiltonian H̃G, comprising only physical
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Let us consider the synthesis of a quantum operation G
(a gate) from the underlying dynamics of a quantum system.
Unitarity of G allows for the identification of a Hermitian gen-
eratorHG such that G = eiHG (we assume units such that the
simulation time t is dimensionless, and rescale it so that the
desired gate is successfully achieved at t = 1). In general, such
generator typically contains highly non-local interactions that
can be di�cult to realize in a given physical setup. However,
for a choice of the platform to use for the implementation of
G, it is generally possible to single out a sub-set � of physical
interactions that can be realized relatively easily and inexpen-
sively. The question that we aim at addressing here is thus: is
it possible to synthesise G from a generator HG comprising
operations drawn only from an assigned �?

This question is very relevant in the context of quantum sim-
ulation, for instance, where the problem of general reachability
of a target dynamics, given a set of physical interactions to be
used to construct the simulation strategy, is key [1]. However,
it is also important for the realization of large-scale quantum
computation [2, 3], which relies on the capability of imple-
menting entangling gates between many qubits and with high
fidelity. A notable case is the quantum To↵oli gate, a uni-
versal reversible logic three-qubit gate [4] that is optimal for
quantum error correction [5–8], and is a key component for
reversible arithmetic operations such as modular exponenti-
ation [9]. Unfortunately, the natural dynamics generating a
To↵oli gate requires non-local three-qubit interactions, which
cannot be easily implemented in experimental architectures.
Possible ways to overcome the limitation of gate synthesis,
simulation, and reachability, typically consists of a suitable use
of the additional processing power o↵ered by larger Hilbert
spaces [10] encompassing ancillary information carriers, and
the embedding of quantum control techniques [11].

The identification of suitable alternatives to such expensive
strategies for gate synthesis and simulation would represent
a significant contribution to the ongoing e↵ort towards the
translation of theoretical protocols to the production line of
quantum technologies [12].

In this Letter we show that, by exploiting symmetries and

degeneracy of the target gate, and making use of the power of
machine learning-enhanced quantum information processing,
it is indeed possible to identify successful architectures for
arbitrary gate synthesis and simulation. More specifically,
given a certain set � of physical interactions that can be realized
inexpensively in a given physical platform, we introduce three
conditions that, if met, produce a Hamiltonian H̃ comprising
only operations drawn from � and such that G = exp(iH̃).

On one hand, the abovementioned conditions can be used to
find exact gate-design strategies. We show relevant instances
of such possibility by devising To↵oli and Fredkin gates using
only pairwise interactions. On the other hand, the same condi-
tions provide enhanced numerical ansatz for a speedy design of
arbitrary N-qubit gates. In particular, we present a supervised-
learning optimisation technique to train qubit networks, and
demonstrate algorithm-training instances of three-qubit To↵oli
and Fredkin gates. We go beyond the three-qubit scenario by
designing a four-qubit gate using only two-qubit interactions.
A significant boost in performance is here made possible by
the use of automatic di↵erentiation, which allows to speed-up
gradient-descent-based optimization techniques in a flexible
way, at the same time avoiding numerical errors and instabili-
ties arising from numerical di↵erentiation techniques.

We also discuss the implications of our framework for prob-
lems extending beyond the field of quantum computing and
addresssing quantum communication via perfect state-transfer
approaches [13, 14].

General methodology.– We start our analysis by com-
puting the Hamiltonian HG that generates the target gate
G = eiHG . Using the spectral decomposition of G, we have
HG = �iU Log(⇤)U†, where G = U⇤U†, Log denotes the
principal branch of the logarithm, and ⇤ is a diagonal matrix
with the eigenvalues of U. Fixing a branch for the logarithm
makes it single-valued, andHG uniquely determined from G.
In general, the generatorHG will contain both physical interac-
tions, that can be realized easily in a given physical setup, and
unphysical ones, i.e. dynamics that are not naturally achieved
in the chosen experimental platform of the problem. Our goal is
to construct a new Hamiltonian H̃G, comprising only physical
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Let us consider the synthesis of a quantum operation G
(a gate) from the underlying dynamics of a quantum system.
Unitarity of G allows for the identification of a Hermitian gen-
eratorHG such that G = eiHG (we assume units such that the
simulation time t is dimensionless, and rescale it so that the
desired gate is successfully achieved at t = 1). In general, such
generator typically contains highly non-local interactions that
can be di�cult to realize in a given physical setup. However,
for a choice of the platform to use for the implementation of
G, it is generally possible to single out a sub-set � of physical
interactions that can be realized relatively easily and inexpen-
sively. The question that we aim at addressing here is thus: is
it possible to synthesise G from a generator HG comprising
operations drawn only from an assigned �?

This question is very relevant in the context of quantum sim-
ulation, for instance, where the problem of general reachability
of a target dynamics, given a set of physical interactions to be
used to construct the simulation strategy, is key [1]. However,
it is also important for the realization of large-scale quantum
computation [2, 3], which relies on the capability of imple-
menting entangling gates between many qubits and with high
fidelity. A notable case is the quantum To↵oli gate, a uni-
versal reversible logic three-qubit gate [4] that is optimal for
quantum error correction [5–8], and is a key component for
reversible arithmetic operations such as modular exponenti-
ation [9]. Unfortunately, the natural dynamics generating a
To↵oli gate requires non-local three-qubit interactions, which
cannot be easily implemented in experimental architectures.
Possible ways to overcome the limitation of gate synthesis,
simulation, and reachability, typically consists of a suitable use
of the additional processing power o↵ered by larger Hilbert
spaces [10] encompassing ancillary information carriers, and
the embedding of quantum control techniques [11].

The identification of suitable alternatives to such expensive
strategies for gate synthesis and simulation would represent
a significant contribution to the ongoing e↵ort towards the
translation of theoretical protocols to the production line of
quantum technologies [12].

In this Letter we show that, by exploiting symmetries and

degeneracy of the target gate, and making use of the power of
machine learning-enhanced quantum information processing,
it is indeed possible to identify successful architectures for
arbitrary gate synthesis and simulation. More specifically,
given a certain set � of physical interactions that can be realized
inexpensively in a given physical platform, we introduce three
conditions that, if met, produce a Hamiltonian H̃ comprising
only operations drawn from � and such that G = exp(iH̃).

On one hand, the abovementioned conditions can be used to
find exact gate-design strategies. We show relevant instances
of such possibility by devising To↵oli and Fredkin gates using
only pairwise interactions. On the other hand, the same condi-
tions provide enhanced numerical ansatz for a speedy design of
arbitrary N-qubit gates. In particular, we present a supervised-
learning optimisation technique to train qubit networks, and
demonstrate algorithm-training instances of three-qubit To↵oli
and Fredkin gates. We go beyond the three-qubit scenario by
designing a four-qubit gate using only two-qubit interactions.
A significant boost in performance is here made possible by
the use of automatic di↵erentiation, which allows to speed-up
gradient-descent-based optimization techniques in a flexible
way, at the same time avoiding numerical errors and instabili-
ties arising from numerical di↵erentiation techniques.

We also discuss the implications of our framework for prob-
lems extending beyond the field of quantum computing and
addresssing quantum communication via perfect state-transfer
approaches [13, 14].

General methodology.– We start our analysis by com-
puting the Hamiltonian HG that generates the target gate
G = eiHG . Using the spectral decomposition of G, we have
HG = �iU Log(⇤)U†, where G = U⇤U†, Log denotes the
principal branch of the logarithm, and ⇤ is a diagonal matrix
with the eigenvalues of U. Fixing a branch for the logarithm
makes it single-valued, andHG uniquely determined from G.
In general, the generatorHG will contain both physical interac-
tions, that can be realized easily in a given physical setup, and
unphysical ones, i.e. dynamics that are not naturally achieved
in the chosen experimental platform of the problem. Our goal is
to construct a new Hamiltonian H̃G, comprising only physical
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conditions that, if met, produce a Hamiltonian H̃ comprising
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and Fredkin gates. We go beyond the three-qubit scenario by
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A significant boost in performance is here made possible by
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gradient-descent-based optimization techniques in a flexible
way, at the same time avoiding numerical errors and instabili-
ties arising from numerical di↵erentiation techniques.
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lems extending beyond the field of quantum computing and
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approaches [13, 14].

General methodology.– We start our analysis by com-
puting the Hamiltonian HG that generates the target gate
G = eiHG . Using the spectral decomposition of G, we have
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unphysical ones, i.e. dynamics that are not naturally achieved
in the chosen experimental platform of the problem. Our goal is
to construct a new Hamiltonian H̃G, comprising only physical
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interactions, such that G = exp(iHG) = exp(iH̃G).
We assume that H̃G depends on a quantity � that

parametrizes the set of physical interactions to be used. For
instance, in a spin system, the physical interactions can be a
certain subset of the possible two-body and single-body inter-
actions, like the set of Heisenberg coupling strengths and local
magnetic fields. In general, H̃G(�) may also model a system
where the original register is coupled to auxiliary degrees of
freedom, though we will here focus on the case without ancil-
lary qubits. The following three conditions are necessary and
su�cient for H̃G to satisfy our requirements:

H̃G contains only physical interactions, (1a)

[H̃G,HG] = 0, (1b)

Eig(H̃G �HG) = {2⇡ni with ni 2 Z}. (1c)

Requirements (1b) and (1c) ensure that G = exp(iH̃G �
iHG) exp(iHG) and exp(iH̃G � iHG) = 1, while condition
(1a) reiterates the constraints we are imposing on H̃G. While
condition (1b) may seem excessively restrictive, this turns out
to not be the case. To see this, consider the spectral decom-
position G = Pk �k

P
j Pk j of a general gate G. Here, Pk j is

the jth trace-1 projector in the kth degenerate subsector of the
eigenspace [15]. It follows thatHG and H̃G have the following
expressions

HG = �i
X

k

Log(�k)Ik, H̃G = HG + 2⇡
X

k, j

⌫k jPk j, (2)

Here Ik =
P

j Pk j, which is not (in general) an identity (or
diagonal) matrix, and we have used the general expression for
the logarithm log � = Log � + 2⇡i⌫, with ⌫ 2 Z, applied to
every term of the spectral decomposition of G. Therefore, for
any choice of H̃G we have [H̃G,HG] = 0.

The set of conditions (1a)-(1c) considerably simplifies the
problem of gate simulation, and can be constructively used in
several ways. On one hand, they can be analytically solved
in at least some situations of physical interest. On the other
hand, they can be used to produce an e�cient starting point
for numerical optimization techniques. The general procedure
is to start from a generically parameterized expression for
H̃G(�) satisfying condition (1a), and then proceed to use (1b)
to both significantly reduce the set of possible interactions and
impose constraints on the parameters. The problem is then
reduced to the enforcing of the constraints on the spectrum
of the generator summarised by condition (1c). This is the
nontrivial step in the procedure, which we will however show
to be analytically solvable in at least some cases. This strategy
therefore reduces the task of constrained gate design into an
inverse eigenvalue problem, a topic well studied in the field
of numerical analysis [16]. More generally, we develop a
numerical supervised learning technique to avoid having to
directly tackle the solution of the nontrivial eigenvalue problem
posed by Eq. (1c). It is worth noting that, while H̃G produces
the same unitary evolution given by HG at time t = 1, the
dynamics will in general be di↵erent at 0 < t < 1.

Applications: To↵oli and Fredkin gates.– The quantum Tof-
foli gateUTo↵ is a control-control-NOT that flips the state of

the target qubit (qubit 3 in our notation) when the state of the
two controls (qubits 1 and 2) is |1i1 ⌦ |1i2, and acts trivially on
qubit 3 otherwise. Its realization is an important step towards
the construction of quantum computers [8, 17–19]. A time-
independent two-body Hamiltonian that simulatesUTo↵ with
four qubits has been obtained in [20] using a numerical opti-
mization technique, while three qubits have only been found to
make approximate and classical To↵oli gates [21]. Here, fol-
lowing the construction in Eq. (1), we find an analytic solution
that requires as few as three qubits. Its generator, obtained by
taking the principal value of the logarithm ofUTo↵ , is

HTo↵ =
⇡

8
(1 � �z

1)(1 � �z
2)(1 � �x

3), (3)

whose only three-qubit term is / �z
1�

z
2�

x
3, where �↵i is the

↵th Pauli matrix acting on qubit i. We now write a general
parametrised generator H̃To↵ as

H̃To↵ = h01 +
X

hi,↵�
↵
i +
X

J↵,�i, j �
↵
i �
�
j . (4)

The above expression, containing 37 parameters, automatically
satisfies condition (1a) in that it corresponds to an H̃To↵ with-
out three-qubit interactions. Imposing condition (1b) further
removes 12 parameters, leaving us with 25 (see Section I in
the Supplementary Material for more details). This number
is still too high to easily solve the inverse eigenvalue problem
embodied by condition (1c). We thus impose some physi-
cally plausible assumptions on the coe�cients, in order to
obtain a generator with a small enough number of parame-
ters for which condition (1c) can be satisfied and the resulting
equations are simple enough to be solvable. In particular,
we impose Jxz

12 = Jzx
12 = Jxx

13 = Jxx
23 = 0, Jzx

13 = Jzx
23 = ⇡/8,

Jzz
23 = �Jzz

13 and hz
1,2 = �⇡/8. The rationale behind these

assumptions is to look for a generator that is diagonal with
respect to the first two qubits, does not use �y

i operators, and
does not introduce new o↵-diagonal interactions, on top of the
ones already in the principal generator. This last assumption
is useful because it implies a reduced number of parameters
in H 0To↵ ⌘ H̃To↵ �HTo↵ , which is the operator on which we
have to impose Eq. (1c). Note that the above does not uniquely
identify the set of assumptions, and di↵erent assumptions lead-
ing to di↵erent classes of solutions are indeed possible. In
the Supplementary Materials we present another example of
generator, that is obtained via di↵erent assumptions. Imposing
the above constraints we obtain

H 0To↵ = (⇡/8)�z
1�

z
2�

x
3 + (h0 � ⇡/8)1 + (hx

3 + ⇡/8)�x
3+

(Jzz
12 � ⇡/8)�z

1�
z
2 + Jzz

13(�z
1 � �

z
2)�z

3.
(5)

The problem is now to find values for the coe�cients in Eq. (5)
such that exp(iH 0To↵) = 1, which is equivalent to finding co-
e�cients such that all the eigenvalues of H 0To↵ are integer
multiples of 2⇡. Solving for h0, hx

3, J
zz
12, J

zz
13 gives a family of so-

lutions parametrized by the 4 integer coe�cients ⌫1, ⌫2, ⌫3, ⌫4.
The full expression is given in the Supplementary Materials.
A simpler family of solutions depending on a single integer
parameter is obtained imposing ⌫1 = ⌫2 = ⌫3 = 0 and ⌫4 = ⌫,
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Let us consider the synthesis of a quantum operation G
(a gate) from the underlying dynamics of a quantum system.
Unitarity of G allows for the identification of a Hermitian gen-
eratorHG such that G = eiHG (we assume units such that the
simulation time t is dimensionless, and rescale it so that the
desired gate is successfully achieved at t = 1). In general, such
generator typically contains highly non-local interactions that
can be di�cult to realize in a given physical setup. However,
for a choice of the platform to use for the implementation of
G, it is generally possible to single out a sub-set � of physical
interactions that can be realized relatively easily and inexpen-
sively. The question that we aim at addressing here is thus: is
it possible to synthesise G from a generator HG comprising
operations drawn only from an assigned �?

This question is very relevant in the context of quantum sim-
ulation, for instance, where the problem of general reachability
of a target dynamics, given a set of physical interactions to be
used to construct the simulation strategy, is key [1]. However,
it is also important for the realization of large-scale quantum
computation [2, 3], which relies on the capability of imple-
menting entangling gates between many qubits and with high
fidelity. A notable case is the quantum To↵oli gate, a uni-
versal reversible logic three-qubit gate [4] that is optimal for
quantum error correction [5–8], and is a key component for
reversible arithmetic operations such as modular exponenti-
ation [9]. Unfortunately, the natural dynamics generating a
To↵oli gate requires non-local three-qubit interactions, which
cannot be easily implemented in experimental architectures.
Possible ways to overcome the limitation of gate synthesis,
simulation, and reachability, typically consists of a suitable use
of the additional processing power o↵ered by larger Hilbert
spaces [10] encompassing ancillary information carriers, and
the embedding of quantum control techniques [11].

The identification of suitable alternatives to such expensive
strategies for gate synthesis and simulation would represent
a significant contribution to the ongoing e↵ort towards the
translation of theoretical protocols to the production line of
quantum technologies [12].

In this Letter we show that, by exploiting symmetries and

degeneracy of the target gate, and making use of the power of
machine learning-enhanced quantum information processing,
it is indeed possible to identify successful architectures for
arbitrary gate synthesis and simulation. More specifically,
given a certain set � of physical interactions that can be realized
inexpensively in a given physical platform, we introduce three
conditions that, if met, produce a Hamiltonian H̃ comprising
only operations drawn from � and such that G = exp(iH̃).

On one hand, the abovementioned conditions can be used to
find exact gate-design strategies. We show relevant instances
of such possibility by devising To↵oli and Fredkin gates using
only pairwise interactions. On the other hand, the same condi-
tions provide enhanced numerical ansatz for a speedy design of
arbitrary N-qubit gates. In particular, we present a supervised-
learning optimisation technique to train qubit networks, and
demonstrate algorithm-training instances of three-qubit To↵oli
and Fredkin gates. We go beyond the three-qubit scenario by
designing a four-qubit gate using only two-qubit interactions.
A significant boost in performance is here made possible by
the use of automatic di↵erentiation, which allows to speed-up
gradient-descent-based optimization techniques in a flexible
way, at the same time avoiding numerical errors and instabili-
ties arising from numerical di↵erentiation techniques.

We also discuss the implications of our framework for prob-
lems extending beyond the field of quantum computing and
addresssing quantum communication via perfect state-transfer
approaches [13, 14].

General methodology.– We start our analysis by com-
puting the Hamiltonian HG that generates the target gate
G = eiHG . Using the spectral decomposition of G, we have
HG = �iU Log(⇤)U†, where G = U⇤U†, Log denotes the
principal branch of the logarithm, and ⇤ is a diagonal matrix
with the eigenvalues of U. Fixing a branch for the logarithm
makes it single-valued, andHG uniquely determined from G.
In general, the generatorHG will contain both physical interac-
tions, that can be realized easily in a given physical setup, and
unphysical ones, i.e. dynamics that are not naturally achieved
in the chosen experimental platform of the problem. Our goal is
to construct a new Hamiltonian H̃G, comprising only physical
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eratorHG such that G = eiHG (we assume units such that the
simulation time t is dimensionless, and rescale it so that the
desired gate is successfully achieved at t = 1). In general, such
generator typically contains highly non-local interactions that
can be di�cult to realize in a given physical setup. However,
for a choice of the platform to use for the implementation of
G, it is generally possible to single out a sub-set � of physical
interactions that can be realized relatively easily and inexpen-
sively. The question that we aim at addressing here is thus: is
it possible to synthesise G from a generator HG comprising
operations drawn only from an assigned �?

This question is very relevant in the context of quantum sim-
ulation, for instance, where the problem of general reachability
of a target dynamics, given a set of physical interactions to be
used to construct the simulation strategy, is key [1]. However,
it is also important for the realization of large-scale quantum
computation [2, 3], which relies on the capability of imple-
menting entangling gates between many qubits and with high
fidelity. A notable case is the quantum To↵oli gate, a uni-
versal reversible logic three-qubit gate [4] that is optimal for
quantum error correction [5–8], and is a key component for
reversible arithmetic operations such as modular exponenti-
ation [9]. Unfortunately, the natural dynamics generating a
To↵oli gate requires non-local three-qubit interactions, which
cannot be easily implemented in experimental architectures.
Possible ways to overcome the limitation of gate synthesis,
simulation, and reachability, typically consists of a suitable use
of the additional processing power o↵ered by larger Hilbert
spaces [10] encompassing ancillary information carriers, and
the embedding of quantum control techniques [11].

The identification of suitable alternatives to such expensive
strategies for gate synthesis and simulation would represent
a significant contribution to the ongoing e↵ort towards the
translation of theoretical protocols to the production line of
quantum technologies [12].

In this Letter we show that, by exploiting symmetries and

degeneracy of the target gate, and making use of the power of
machine learning-enhanced quantum information processing,
it is indeed possible to identify successful architectures for
arbitrary gate synthesis and simulation. More specifically,
given a certain set � of physical interactions that can be realized
inexpensively in a given physical platform, we introduce three
conditions that, if met, produce a Hamiltonian H̃ comprising
only operations drawn from � and such that G = exp(iH̃).

On one hand, the abovementioned conditions can be used to
find exact gate-design strategies. We show relevant instances
of such possibility by devising To↵oli and Fredkin gates using
only pairwise interactions. On the other hand, the same condi-
tions provide enhanced numerical ansatz for a speedy design of
arbitrary N-qubit gates. In particular, we present a supervised-
learning optimisation technique to train qubit networks, and
demonstrate algorithm-training instances of three-qubit To↵oli
and Fredkin gates. We go beyond the three-qubit scenario by
designing a four-qubit gate using only two-qubit interactions.
A significant boost in performance is here made possible by
the use of automatic di↵erentiation, which allows to speed-up
gradient-descent-based optimization techniques in a flexible
way, at the same time avoiding numerical errors and instabili-
ties arising from numerical di↵erentiation techniques.

We also discuss the implications of our framework for prob-
lems extending beyond the field of quantum computing and
addresssing quantum communication via perfect state-transfer
approaches [13, 14].

General methodology.– We start our analysis by com-
puting the Hamiltonian HG that generates the target gate
G = eiHG . Using the spectral decomposition of G, we have
HG = �iU Log(⇤)U†, where G = U⇤U†, Log denotes the
principal branch of the logarithm, and ⇤ is a diagonal matrix
with the eigenvalues of U. Fixing a branch for the logarithm
makes it single-valued, andHG uniquely determined from G.
In general, the generatorHG will contain both physical interac-
tions, that can be realized easily in a given physical setup, and
unphysical ones, i.e. dynamics that are not naturally achieved
in the chosen experimental platform of the problem. Our goal is
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Let us consider the synthesis of a quantum operation G
(a gate) from the underlying dynamics of a quantum system.
Unitarity of G allows for the identification of a Hermitian gen-
eratorHG such that G = eiHG (we assume units such that the
simulation time t is dimensionless, and rescale it so that the
desired gate is successfully achieved at t = 1). In general, such
generator typically contains highly non-local interactions that
can be di�cult to realize in a given physical setup. However,
for a choice of the platform to use for the implementation of
G, it is generally possible to single out a sub-set � of physical
interactions that can be realized relatively easily and inexpen-
sively. The question that we aim at addressing here is thus: is
it possible to synthesise G from a generator HG comprising
operations drawn only from an assigned �?

This question is very relevant in the context of quantum sim-
ulation, for instance, where the problem of general reachability
of a target dynamics, given a set of physical interactions to be
used to construct the simulation strategy, is key [1]. However,
it is also important for the realization of large-scale quantum
computation [2, 3], which relies on the capability of imple-
menting entangling gates between many qubits and with high
fidelity. A notable case is the quantum To↵oli gate, a uni-
versal reversible logic three-qubit gate [4] that is optimal for
quantum error correction [5–8], and is a key component for
reversible arithmetic operations such as modular exponenti-
ation [9]. Unfortunately, the natural dynamics generating a
To↵oli gate requires non-local three-qubit interactions, which
cannot be easily implemented in experimental architectures.
Possible ways to overcome the limitation of gate synthesis,
simulation, and reachability, typically consists of a suitable use
of the additional processing power o↵ered by larger Hilbert
spaces [10] encompassing ancillary information carriers, and
the embedding of quantum control techniques [11].

The identification of suitable alternatives to such expensive
strategies for gate synthesis and simulation would represent
a significant contribution to the ongoing e↵ort towards the
translation of theoretical protocols to the production line of
quantum technologies [12].

In this Letter we show that, by exploiting symmetries and

degeneracy of the target gate, and making use of the power of
machine learning-enhanced quantum information processing,
it is indeed possible to identify successful architectures for
arbitrary gate synthesis and simulation. More specifically,
given a certain set � of physical interactions that can be realized
inexpensively in a given physical platform, we introduce three
conditions that, if met, produce a Hamiltonian H̃ comprising
only operations drawn from � and such that G = exp(iH̃).

On one hand, the abovementioned conditions can be used to
find exact gate-design strategies. We show relevant instances
of such possibility by devising To↵oli and Fredkin gates using
only pairwise interactions. On the other hand, the same condi-
tions provide enhanced numerical ansatz for a speedy design of
arbitrary N-qubit gates. In particular, we present a supervised-
learning optimisation technique to train qubit networks, and
demonstrate algorithm-training instances of three-qubit To↵oli
and Fredkin gates. We go beyond the three-qubit scenario by
designing a four-qubit gate using only two-qubit interactions.
A significant boost in performance is here made possible by
the use of automatic di↵erentiation, which allows to speed-up
gradient-descent-based optimization techniques in a flexible
way, at the same time avoiding numerical errors and instabili-
ties arising from numerical di↵erentiation techniques.

We also discuss the implications of our framework for prob-
lems extending beyond the field of quantum computing and
addresssing quantum communication via perfect state-transfer
approaches [13, 14].

General methodology.– We start our analysis by com-
puting the Hamiltonian HG that generates the target gate
G = eiHG . Using the spectral decomposition of G, we have
HG = �iU Log(⇤)U†, where G = U⇤U†, Log denotes the
principal branch of the logarithm, and ⇤ is a diagonal matrix
with the eigenvalues of U. Fixing a branch for the logarithm
makes it single-valued, andHG uniquely determined from G.
In general, the generatorHG will contain both physical interac-
tions, that can be realized easily in a given physical setup, and
unphysical ones, i.e. dynamics that are not naturally achieved
in the chosen experimental platform of the problem. Our goal is
to construct a new Hamiltonian H̃G, comprising only physical
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Let us consider the synthesis of a quantum operation G
(a gate) from the underlying dynamics of a quantum system.
Unitarity of G allows for the identification of a Hermitian gen-
eratorHG such that G = eiHG (we assume units such that the
simulation time t is dimensionless, and rescale it so that the
desired gate is successfully achieved at t = 1). In general, such
generator typically contains highly non-local interactions that
can be di�cult to realize in a given physical setup. However,
for a choice of the platform to use for the implementation of
G, it is generally possible to single out a sub-set � of physical
interactions that can be realized relatively easily and inexpen-
sively. The question that we aim at addressing here is thus: is
it possible to synthesise G from a generator HG comprising
operations drawn only from an assigned �?

This question is very relevant in the context of quantum sim-
ulation, for instance, where the problem of general reachability
of a target dynamics, given a set of physical interactions to be
used to construct the simulation strategy, is key [1]. However,
it is also important for the realization of large-scale quantum
computation [2, 3], which relies on the capability of imple-
menting entangling gates between many qubits and with high
fidelity. A notable case is the quantum To↵oli gate, a uni-
versal reversible logic three-qubit gate [4] that is optimal for
quantum error correction [5–8], and is a key component for
reversible arithmetic operations such as modular exponenti-
ation [9]. Unfortunately, the natural dynamics generating a
To↵oli gate requires non-local three-qubit interactions, which
cannot be easily implemented in experimental architectures.
Possible ways to overcome the limitation of gate synthesis,
simulation, and reachability, typically consists of a suitable use
of the additional processing power o↵ered by larger Hilbert
spaces [10] encompassing ancillary information carriers, and
the embedding of quantum control techniques [11].

The identification of suitable alternatives to such expensive
strategies for gate synthesis and simulation would represent
a significant contribution to the ongoing e↵ort towards the
translation of theoretical protocols to the production line of
quantum technologies [12].

In this Letter we show that, by exploiting symmetries and

degeneracy of the target gate, and making use of the power of
machine learning-enhanced quantum information processing,
it is indeed possible to identify successful architectures for
arbitrary gate synthesis and simulation. More specifically,
given a certain set � of physical interactions that can be realized
inexpensively in a given physical platform, we introduce three
conditions that, if met, produce a Hamiltonian H̃ comprising
only operations drawn from � and such that G = exp(iH̃).

On one hand, the abovementioned conditions can be used to
find exact gate-design strategies. We show relevant instances
of such possibility by devising To↵oli and Fredkin gates using
only pairwise interactions. On the other hand, the same condi-
tions provide enhanced numerical ansatz for a speedy design of
arbitrary N-qubit gates. In particular, we present a supervised-
learning optimisation technique to train qubit networks, and
demonstrate algorithm-training instances of three-qubit To↵oli
and Fredkin gates. We go beyond the three-qubit scenario by
designing a four-qubit gate using only two-qubit interactions.
A significant boost in performance is here made possible by
the use of automatic di↵erentiation, which allows to speed-up
gradient-descent-based optimization techniques in a flexible
way, at the same time avoiding numerical errors and instabili-
ties arising from numerical di↵erentiation techniques.

We also discuss the implications of our framework for prob-
lems extending beyond the field of quantum computing and
addresssing quantum communication via perfect state-transfer
approaches [13, 14].

General methodology.– We start our analysis by com-
puting the Hamiltonian HG that generates the target gate
G = eiHG . Using the spectral decomposition of G, we have
HG = �iU Log(⇤)U†, where G = U⇤U†, Log denotes the
principal branch of the logarithm, and ⇤ is a diagonal matrix
with the eigenvalues of U. Fixing a branch for the logarithm
makes it single-valued, andHG uniquely determined from G.
In general, the generatorHG will contain both physical interac-
tions, that can be realized easily in a given physical setup, and
unphysical ones, i.e. dynamics that are not naturally achieved
in the chosen experimental platform of the problem. Our goal is
to construct a new Hamiltonian H̃G, comprising only physical
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interactions, such that G = exp(iHG) = exp(iH̃G).
We assume that H̃G depends on a quantity � that

parametrizes the set of physical interactions to be used. For
instance, in a spin system, the physical interactions can be a
certain subset of the possible two-body and single-body inter-
actions, like the set of Heisenberg coupling strengths and local
magnetic fields. In general, H̃G(�) may also model a system
where the original register is coupled to auxiliary degrees of
freedom, though we will here focus on the case without ancil-
lary qubits. The following three conditions are necessary and
su�cient for H̃G to satisfy our requirements:

H̃G contains only physical interactions, (1a)

[H̃G,HG] = 0, (1b)

Eig(H̃G �HG) = {2⇡ni with ni 2 Z}. (1c)

Requirements (1b) and (1c) ensure that G = exp(iH̃G �
iHG) exp(iHG) and exp(iH̃G � iHG) = 1, while condition
(1a) reiterates the constraints we are imposing on H̃G. While
condition (1b) may seem excessively restrictive, this turns out
to not be the case. To see this, consider the spectral decom-
position G = Pk �k

P
j Pk j of a general gate G. Here, Pk j is

the jth trace-1 projector in the kth degenerate subsector of the
eigenspace [15]. It follows thatHG and H̃G have the following
expressions

HG = �i
X

k

Log(�k)Ik, H̃G = HG + 2⇡
X

k, j

⌫k jPk j, (2)

Here Ik =
P

j Pk j, which is not (in general) an identity (or
diagonal) matrix, and we have used the general expression for
the logarithm log � = Log � + 2⇡i⌫, with ⌫ 2 Z, applied to
every term of the spectral decomposition of G. Therefore, for
any choice of H̃G we have [H̃G,HG] = 0.

The set of conditions (1a)-(1c) considerably simplifies the
problem of gate simulation, and can be constructively used in
several ways. On one hand, they can be analytically solved
in at least some situations of physical interest. On the other
hand, they can be used to produce an e�cient starting point
for numerical optimization techniques. The general procedure
is to start from a generically parameterized expression for
H̃G(�) satisfying condition (1a), and then proceed to use (1b)
to both significantly reduce the set of possible interactions and
impose constraints on the parameters. The problem is then
reduced to the enforcing of the constraints on the spectrum
of the generator summarised by condition (1c). This is the
nontrivial step in the procedure, which we will however show
to be analytically solvable in at least some cases. This strategy
therefore reduces the task of constrained gate design into an
inverse eigenvalue problem, a topic well studied in the field
of numerical analysis [16]. More generally, we develop a
numerical supervised learning technique to avoid having to
directly tackle the solution of the nontrivial eigenvalue problem
posed by Eq. (1c). It is worth noting that, while H̃G produces
the same unitary evolution given by HG at time t = 1, the
dynamics will in general be di↵erent at 0 < t < 1.

Applications: To↵oli and Fredkin gates.– The quantum Tof-
foli gateUTo↵ is a control-control-NOT that flips the state of

the target qubit (qubit 3 in our notation) when the state of the
two controls (qubits 1 and 2) is |1i1 ⌦ |1i2, and acts trivially on
qubit 3 otherwise. Its realization is an important step towards
the construction of quantum computers [8, 17–19]. A time-
independent two-body Hamiltonian that simulatesUTo↵ with
four qubits has been obtained in [20] using a numerical opti-
mization technique, while three qubits have only been found to
make approximate and classical To↵oli gates [21]. Here, fol-
lowing the construction in Eq. (1), we find an analytic solution
that requires as few as three qubits. Its generator, obtained by
taking the principal value of the logarithm ofUTo↵ , is

HTo↵ =
⇡

8
(1 � �z

1)(1 � �z
2)(1 � �x

3), (3)

whose only three-qubit term is / �z
1�

z
2�

x
3, where �↵i is the

↵th Pauli matrix acting on qubit i. We now write a general
parametrised generator H̃To↵ as

H̃To↵ = h01 +
X

hi,↵�
↵
i +
X

J↵,�i, j �
↵
i �
�
j . (4)

The above expression, containing 37 parameters, automatically
satisfies condition (1a) in that it corresponds to an H̃To↵ with-
out three-qubit interactions. Imposing condition (1b) further
removes 12 parameters, leaving us with 25 (see Section I in
the Supplementary Material for more details). This number
is still too high to easily solve the inverse eigenvalue problem
embodied by condition (1c). We thus impose some physi-
cally plausible assumptions on the coe�cients, in order to
obtain a generator with a small enough number of parame-
ters for which condition (1c) can be satisfied and the resulting
equations are simple enough to be solvable. In particular,
we impose Jxz

12 = Jzx
12 = Jxx

13 = Jxx
23 = 0, Jzx

13 = Jzx
23 = ⇡/8,

Jzz
23 = �Jzz

13 and hz
1,2 = �⇡/8. The rationale behind these

assumptions is to look for a generator that is diagonal with
respect to the first two qubits, does not use �y

i operators, and
does not introduce new o↵-diagonal interactions, on top of the
ones already in the principal generator. This last assumption
is useful because it implies a reduced number of parameters
in H 0To↵ ⌘ H̃To↵ �HTo↵ , which is the operator on which we
have to impose Eq. (1c). Note that the above does not uniquely
identify the set of assumptions, and di↵erent assumptions lead-
ing to di↵erent classes of solutions are indeed possible. In
the Supplementary Materials we present another example of
generator, that is obtained via di↵erent assumptions. Imposing
the above constraints we obtain

H 0To↵ = (⇡/8)�z
1�

z
2�

x
3 + (h0 � ⇡/8)1 + (hx

3 + ⇡/8)�x
3+

(Jzz
12 � ⇡/8)�z

1�
z
2 + Jzz

13(�z
1 � �

z
2)�z

3.
(5)

The problem is now to find values for the coe�cients in Eq. (5)
such that exp(iH 0To↵) = 1, which is equivalent to finding co-
e�cients such that all the eigenvalues of H 0To↵ are integer
multiples of 2⇡. Solving for h0, hx

3, J
zz
12, J

zz
13 gives a family of so-

lutions parametrized by the 4 integer coe�cients ⌫1, ⌫2, ⌫3, ⌫4.
The full expression is given in the Supplementary Materials.
A simpler family of solutions depending on a single integer
parameter is obtained imposing ⌫1 = ⌫2 = ⌫3 = 0 and ⌫4 = ⌫,
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interactions, such that G = exp(iHG) = exp(iH̃G).
We assume that H̃G depends on a quantity � that
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instance, in a spin system, the physical interactions can be a
certain subset of the possible two-body and single-body inter-
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freedom, though we will here focus on the case without ancil-
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su�cient for H̃G to satisfy our requirements:

H̃G contains only physical interactions, (1a)

[H̃G,HG] = 0, (1b)

Eig(H̃G �HG) = {2⇡ni with ni 2 Z}. (1c)

Requirements (1b) and (1c) ensure that G = exp(iH̃G �
iHG) exp(iHG) and exp(iH̃G � iHG) = 1, while condition
(1a) reiterates the constraints we are imposing on H̃G. While
condition (1b) may seem excessively restrictive, this turns out
to not be the case. To see this, consider the spectral decom-
position G = Pk �k

P
j Pk j of a general gate G. Here, Pk j is

the jth trace-1 projector in the kth degenerate subsector of the
eigenspace [15]. It follows thatHG and H̃G have the following
expressions
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j Pk j, which is not (in general) an identity (or
diagonal) matrix, and we have used the general expression for
the logarithm log � = Log � + 2⇡i⌫, with ⌫ 2 Z, applied to
every term of the spectral decomposition of G. Therefore, for
any choice of H̃G we have [H̃G,HG] = 0.

The set of conditions (1a)-(1c) considerably simplifies the
problem of gate simulation, and can be constructively used in
several ways. On one hand, they can be analytically solved
in at least some situations of physical interest. On the other
hand, they can be used to produce an e�cient starting point
for numerical optimization techniques. The general procedure
is to start from a generically parameterized expression for
H̃G(�) satisfying condition (1a), and then proceed to use (1b)
to both significantly reduce the set of possible interactions and
impose constraints on the parameters. The problem is then
reduced to the enforcing of the constraints on the spectrum
of the generator summarised by condition (1c). This is the
nontrivial step in the procedure, which we will however show
to be analytically solvable in at least some cases. This strategy
therefore reduces the task of constrained gate design into an
inverse eigenvalue problem, a topic well studied in the field
of numerical analysis [16]. More generally, we develop a
numerical supervised learning technique to avoid having to
directly tackle the solution of the nontrivial eigenvalue problem
posed by Eq. (1c). It is worth noting that, while H̃G produces
the same unitary evolution given by HG at time t = 1, the
dynamics will in general be di↵erent at 0 < t < 1.

Applications: To↵oli and Fredkin gates.– The quantum Tof-
foli gateUTo↵ is a control-control-NOT that flips the state of

the target qubit (qubit 3 in our notation) when the state of the
two controls (qubits 1 and 2) is |1i1 ⌦ |1i2, and acts trivially on
qubit 3 otherwise. Its realization is an important step towards
the construction of quantum computers [8, 17–19]. A time-
independent two-body Hamiltonian that simulatesUTo↵ with
four qubits has been obtained in [20] using a numerical opti-
mization technique, while three qubits have only been found to
make approximate and classical To↵oli gates [21]. Here, fol-
lowing the construction in Eq. (1), we find an analytic solution
that requires as few as three qubits. Its generator, obtained by
taking the principal value of the logarithm ofUTo↵ , is
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satisfies condition (1a) in that it corresponds to an H̃To↵ with-
out three-qubit interactions. Imposing condition (1b) further
removes 12 parameters, leaving us with 25 (see Section I in
the Supplementary Material for more details). This number
is still too high to easily solve the inverse eigenvalue problem
embodied by condition (1c). We thus impose some physi-
cally plausible assumptions on the coe�cients, in order to
obtain a generator with a small enough number of parame-
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i operators, and
does not introduce new o↵-diagonal interactions, on top of the
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is useful because it implies a reduced number of parameters
in H 0To↵ ⌘ H̃To↵ �HTo↵ , which is the operator on which we
have to impose Eq. (1c). Note that the above does not uniquely
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ing to di↵erent classes of solutions are indeed possible. In
the Supplementary Materials we present another example of
generator, that is obtained via di↵erent assumptions. Imposing
the above constraints we obtain
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such that exp(iH 0To↵) = 1, which is equivalent to finding co-
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certain subset of the possible two-body and single-body inter-
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where the original register is coupled to auxiliary degrees of
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problem of gate simulation, and can be constructively used in
several ways. On one hand, they can be analytically solved
in at least some situations of physical interest. On the other
hand, they can be used to produce an e�cient starting point
for numerical optimization techniques. The general procedure
is to start from a generically parameterized expression for
H̃G(�) satisfying condition (1a), and then proceed to use (1b)
to both significantly reduce the set of possible interactions and
impose constraints on the parameters. The problem is then
reduced to the enforcing of the constraints on the spectrum
of the generator summarised by condition (1c). This is the
nontrivial step in the procedure, which we will however show
to be analytically solvable in at least some cases. This strategy
therefore reduces the task of constrained gate design into an
inverse eigenvalue problem, a topic well studied in the field
of numerical analysis [16]. More generally, we develop a
numerical supervised learning technique to avoid having to
directly tackle the solution of the nontrivial eigenvalue problem
posed by Eq. (1c). It is worth noting that, while H̃G produces
the same unitary evolution given by HG at time t = 1, the
dynamics will in general be di↵erent at 0 < t < 1.
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the target qubit (qubit 3 in our notation) when the state of the
two controls (qubits 1 and 2) is |1i1 ⌦ |1i2, and acts trivially on
qubit 3 otherwise. Its realization is an important step towards
the construction of quantum computers [8, 17–19]. A time-
independent two-body Hamiltonian that simulatesUTo↵ with
four qubits has been obtained in [20] using a numerical opti-
mization technique, while three qubits have only been found to
make approximate and classical To↵oli gates [21]. Here, fol-
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that requires as few as three qubits. Its generator, obtained by
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The above expression, containing 37 parameters, automatically
satisfies condition (1a) in that it corresponds to an H̃To↵ with-
out three-qubit interactions. Imposing condition (1b) further
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interactions, such that G = exp(iHG) = exp(iH̃G).
We assume that H̃G depends on a quantity � that

parametrizes the set of physical interactions to be used. For
instance, in a spin system, the physical interactions can be a
certain subset of the possible two-body and single-body inter-
actions, like the set of Heisenberg coupling strengths and local
magnetic fields. In general, H̃G(�) may also model a system
where the original register is coupled to auxiliary degrees of
freedom, though we will here focus on the case without ancil-
lary qubits. The following three conditions are necessary and
su�cient for H̃G to satisfy our requirements:

H̃G contains only physical interactions, (1a)

[H̃G,HG] = 0, (1b)

Eig(H̃G �HG) = {2⇡ni with ni 2 Z}. (1c)

Requirements (1b) and (1c) ensure that G = exp(iH̃G �
iHG) exp(iHG) and exp(iH̃G � iHG) = 1, while condition
(1a) reiterates the constraints we are imposing on H̃G. While
condition (1b) may seem excessively restrictive, this turns out
to not be the case. To see this, consider the spectral decom-
position G = Pk �k

P
j Pk j of a general gate G. Here, Pk j is

the jth trace-1 projector in the kth degenerate subsector of the
eigenspace [15]. It follows thatHG and H̃G have the following
expressions

HG = �i
X

k

Log(�k)Ik, H̃G = HG + 2⇡
X

k, j

⌫k jPk j, (2)

Here Ik =
P

j Pk j, which is not (in general) an identity (or
diagonal) matrix, and we have used the general expression for
the logarithm log � = Log � + 2⇡i⌫, with ⌫ 2 Z, applied to
every term of the spectral decomposition of G. Therefore, for
any choice of H̃G we have [H̃G,HG] = 0.

The set of conditions (1a)-(1c) considerably simplifies the
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hand, they can be used to produce an e�cient starting point
for numerical optimization techniques. The general procedure
is to start from a generically parameterized expression for
H̃G(�) satisfying condition (1a), and then proceed to use (1b)
to both significantly reduce the set of possible interactions and
impose constraints on the parameters. The problem is then
reduced to the enforcing of the constraints on the spectrum
of the generator summarised by condition (1c). This is the
nontrivial step in the procedure, which we will however show
to be analytically solvable in at least some cases. This strategy
therefore reduces the task of constrained gate design into an
inverse eigenvalue problem, a topic well studied in the field
of numerical analysis [16]. More generally, we develop a
numerical supervised learning technique to avoid having to
directly tackle the solution of the nontrivial eigenvalue problem
posed by Eq. (1c). It is worth noting that, while H̃G produces
the same unitary evolution given by HG at time t = 1, the
dynamics will in general be di↵erent at 0 < t < 1.

Applications: To↵oli and Fredkin gates.– The quantum Tof-
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the target qubit (qubit 3 in our notation) when the state of the
two controls (qubits 1 and 2) is |1i1 ⌦ |1i2, and acts trivially on
qubit 3 otherwise. Its realization is an important step towards
the construction of quantum computers [8, 17–19]. A time-
independent two-body Hamiltonian that simulatesUTo↵ with
four qubits has been obtained in [20] using a numerical opti-
mization technique, while three qubits have only been found to
make approximate and classical To↵oli gates [21]. Here, fol-
lowing the construction in Eq. (1), we find an analytic solution
that requires as few as three qubits. Its generator, obtained by
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out three-qubit interactions. Imposing condition (1b) further
removes 12 parameters, leaving us with 25 (see Section I in
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embodied by condition (1c). We thus impose some physi-
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obtain a generator with a small enough number of parame-
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the Supplementary Materials we present another example of
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The problem is now to find values for the coe�cients in Eq. (5)
such that exp(iH 0To↵) = 1, which is equivalent to finding co-
e�cients such that all the eigenvalues of H 0To↵ are integer
multiples of 2⇡. Solving for h0, hx
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A simpler family of solutions depending on a single integer
parameter is obtained imposing ⌫1 = ⌫2 = ⌫3 = 0 and ⌫4 = ⌫,
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condition (1b) may seem excessively restrictive, this turns out
to not be the case. To see this, consider the spectral decom-
position G = Pk �k
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The set of conditions (1a)-(1c) considerably simplifies the
problem of gate simulation, and can be constructively used in
several ways. On one hand, they can be analytically solved
in at least some situations of physical interest. On the other
hand, they can be used to produce an e�cient starting point
for numerical optimization techniques. The general procedure
is to start from a generically parameterized expression for
H̃G(�) satisfying condition (1a), and then proceed to use (1b)
to both significantly reduce the set of possible interactions and
impose constraints on the parameters. The problem is then
reduced to the enforcing of the constraints on the spectrum
of the generator summarised by condition (1c). This is the
nontrivial step in the procedure, which we will however show
to be analytically solvable in at least some cases. This strategy
therefore reduces the task of constrained gate design into an
inverse eigenvalue problem, a topic well studied in the field
of numerical analysis [16]. More generally, we develop a
numerical supervised learning technique to avoid having to
directly tackle the solution of the nontrivial eigenvalue problem
posed by Eq. (1c). It is worth noting that, while H̃G produces
the same unitary evolution given by HG at time t = 1, the
dynamics will in general be di↵erent at 0 < t < 1.

Applications: To↵oli and Fredkin gates.– The quantum Tof-
foli gateUTo↵ is a control-control-NOT that flips the state of

the target qubit (qubit 3 in our notation) when the state of the
two controls (qubits 1 and 2) is |1i1 ⌦ |1i2, and acts trivially on
qubit 3 otherwise. Its realization is an important step towards
the construction of quantum computers [8, 17–19]. A time-
independent two-body Hamiltonian that simulatesUTo↵ with
four qubits has been obtained in [20] using a numerical opti-
mization technique, while three qubits have only been found to
make approximate and classical To↵oli gates [21]. Here, fol-
lowing the construction in Eq. (1), we find an analytic solution
that requires as few as three qubits. Its generator, obtained by
taking the principal value of the logarithm ofUTo↵ , is
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The above expression, containing 37 parameters, automatically
satisfies condition (1a) in that it corresponds to an H̃To↵ with-
out three-qubit interactions. Imposing condition (1b) further
removes 12 parameters, leaving us with 25 (see Section I in
the Supplementary Material for more details). This number
is still too high to easily solve the inverse eigenvalue problem
embodied by condition (1c). We thus impose some physi-
cally plausible assumptions on the coe�cients, in order to
obtain a generator with a small enough number of parame-
ters for which condition (1c) can be satisfied and the resulting
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does not introduce new o↵-diagonal interactions, on top of the
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is useful because it implies a reduced number of parameters
in H 0To↵ ⌘ H̃To↵ �HTo↵ , which is the operator on which we
have to impose Eq. (1c). Note that the above does not uniquely
identify the set of assumptions, and di↵erent assumptions lead-
ing to di↵erent classes of solutions are indeed possible. In
the Supplementary Materials we present another example of
generator, that is obtained via di↵erent assumptions. Imposing
the above constraints we obtain
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The problem is now to find values for the coe�cients in Eq. (5)
such that exp(iH 0To↵) = 1, which is equivalent to finding co-
e�cients such that all the eigenvalues of H 0To↵ are integer
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We present a general framework to tackle the problem of finding time-independent dynamics generating target
unitary evolutions. We show that this problem is equivalently stated as a set of conditions over the spectrum of
the time-independent gate generator, thus transforming the task to an inverse eigenvalue problem. We illustrate
our methodology by identifying suitable time-independent generators implementing To↵oli and Fredkin gates
without the need for ancillae or e↵ective evolutions. We show how the same conditions can be used to solve
the problem numerically, via supervised learning techniques. In turn, this allows us to solve problems that are
not amenable, in general, to direct analytical solution, providing at the same time a high degree of flexibility
over the types of gate-design problems that can be approached. As a significant example, we find generators for
the To↵oli gate using only diagonal pairwise interactions, which are easier to implement in some experimental
architectures. To showcase the flexibility of the supervised learning approach, we give an example of a nontrivial
four-qubit gate that is implementable using only diagonal, pairwise interactions.

Let us consider the synthesis of a quantum operation G
(a gate) from the underlying dynamics of a quantum system.
Unitarity of G allows for the identification of a Hermitian gen-
eratorHG such that G = eiHG (we assume units such that the
simulation time t is dimensionless, and rescale it so that the
desired gate is successfully achieved at t = 1). In general, such
generator typically contains highly non-local interactions that
can be di�cult to realize in a given physical setup. However,
for a choice of the platform to use for the implementation of
G, it is generally possible to single out a sub-set � of physical
interactions that can be realized relatively easily and inexpen-
sively. The question that we aim at addressing here is thus: is
it possible to synthesise G from a generator HG comprising
operations drawn only from an assigned �?

This question is very relevant in the context of quantum sim-
ulation, for instance, where the problem of general reachability
of a target dynamics, given a set of physical interactions to be
used to construct the simulation strategy, is key [1]. However,
it is also important for the realization of large-scale quantum
computation [2, 3], which relies on the capability of imple-
menting entangling gates between many qubits and with high
fidelity. A notable case is the quantum To↵oli gate, a uni-
versal reversible logic three-qubit gate [4] that is optimal for
quantum error correction [5–8], and is a key component for
reversible arithmetic operations such as modular exponenti-
ation [9]. Unfortunately, the natural dynamics generating a
To↵oli gate requires non-local three-qubit interactions, which
cannot be easily implemented in experimental architectures.
Possible ways to overcome the limitation of gate synthesis,
simulation, and reachability, typically consists of a suitable use
of the additional processing power o↵ered by larger Hilbert
spaces [10] encompassing ancillary information carriers, and
the embedding of quantum control techniques [11].

The identification of suitable alternatives to such expensive
strategies for gate synthesis and simulation would represent
a significant contribution to the ongoing e↵ort towards the
translation of theoretical protocols to the production line of
quantum technologies [12].

In this Letter we show that, by exploiting symmetries and

degeneracy of the target gate, and making use of the power of
machine learning-enhanced quantum information processing,
it is indeed possible to identify successful architectures for
arbitrary gate synthesis and simulation. More specifically,
given a certain set � of physical interactions that can be realized
inexpensively in a given physical platform, we introduce three
conditions that, if met, produce a Hamiltonian H̃ comprising
only operations drawn from � and such that G = exp(iH̃).

On one hand, the abovementioned conditions can be used to
find exact gate-design strategies. We show relevant instances
of such possibility by devising To↵oli and Fredkin gates using
only pairwise interactions. On the other hand, the same condi-
tions provide enhanced numerical ansatz for a speedy design of
arbitrary N-qubit gates. In particular, we present a supervised-
learning optimisation technique to train qubit networks, and
demonstrate algorithm-training instances of three-qubit To↵oli
and Fredkin gates. We go beyond the three-qubit scenario by
designing a four-qubit gate using only two-qubit interactions.
A significant boost in performance is here made possible by
the use of automatic di↵erentiation, which allows to speed-up
gradient-descent-based optimization techniques in a flexible
way, at the same time avoiding numerical errors and instabili-
ties arising from numerical di↵erentiation techniques.

We also discuss the implications of our framework for prob-
lems extending beyond the field of quantum computing and
addresssing quantum communication via perfect state-transfer
approaches [13, 14].

General methodology.– We start our analysis by com-
puting the Hamiltonian HG that generates the target gate
G = eiHG . Using the spectral decomposition of G, we have
HG = �iU Log(⇤)U†, where G = U⇤U†, Log denotes the
principal branch of the logarithm, and ⇤ is a diagonal matrix
with the eigenvalues of U. Fixing a branch for the logarithm
makes it single-valued, andHG uniquely determined from G.
In general, the generatorHG will contain both physical interac-
tions, that can be realized easily in a given physical setup, and
unphysical ones, i.e. dynamics that are not naturally achieved
in the chosen experimental platform of the problem. Our goal is
to construct a new Hamiltonian H̃G, comprising only physical
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In this Letter we show that, by exploiting symmetries and

degeneracy of the target gate, and making use of the power of
machine learning-enhanced quantum information processing,
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demonstrate algorithm-training instances of three-qubit To↵oli
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lems extending beyond the field of quantum computing and
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approaches [13, 14].

General methodology.– We start our analysis by com-
puting the Hamiltonian HG that generates the target gate
G = eiHG . Using the spectral decomposition of G, we have
HG = �iU Log(⇤)U†, where G = U⇤U†, Log denotes the
principal branch of the logarithm, and ⇤ is a diagonal matrix
with the eigenvalues of U. Fixing a branch for the logarithm
makes it single-valued, andHG uniquely determined from G.
In general, the generatorHG will contain both physical interac-
tions, that can be realized easily in a given physical setup, and
unphysical ones, i.e. dynamics that are not naturally achieved
in the chosen experimental platform of the problem. Our goal is
to construct a new Hamiltonian H̃G, comprising only physical+ something else
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interactions, such that G = exp(iHG) = exp(iH̃G).
We assume that H̃G depends on a quantity � that

parametrizes the set of physical interactions to be used. For
instance, in a spin system, the physical interactions can be a
certain subset of the possible two-body and single-body inter-
actions, like the set of Heisenberg coupling strengths and local
magnetic fields. In general, H̃G(�) may also model a system
where the original register is coupled to auxiliary degrees of
freedom, though we will here focus on the case without ancil-
lary qubits. The following three conditions are necessary and
su�cient for H̃G to satisfy our requirements:

H̃G contains only physical interactions, (1a)

[H̃G,HG] = 0, (1b)

Eig(H̃G �HG) = {2⇡ni with ni 2 Z}. (1c)

Requirements (1b) and (1c) ensure that G = exp(iH̃G �
iHG) exp(iHG) and exp(iH̃G � iHG) = 1, while condition
(1a) reiterates the constraints we are imposing on H̃G. While
condition (1b) may seem excessively restrictive, this turns out
to not be the case. To see this, consider the spectral decom-
position G = Pk �k

P
j Pk j of a general gate G. Here, Pk j is

the jth trace-1 projector in the kth degenerate subsector of the
eigenspace [15]. It follows thatHG and H̃G have the following
expressions

HG = �i
X

k

Log(�k)Ik, H̃G = HG + 2⇡
X

k, j

⌫k jPk j, (2)

Here Ik =
P

j Pk j, which is not (in general) an identity (or
diagonal) matrix, and we have used the general expression for
the logarithm log � = Log � + 2⇡i⌫, with ⌫ 2 Z, applied to
every term of the spectral decomposition of G. Therefore, for
any choice of H̃G we have [H̃G,HG] = 0.

The set of conditions (1a)-(1c) considerably simplifies the
problem of gate simulation, and can be constructively used in
several ways. On one hand, they can be analytically solved
in at least some situations of physical interest. On the other
hand, they can be used to produce an e�cient starting point
for numerical optimization techniques. The general procedure
is to start from a generically parameterized expression for
H̃G(�) satisfying condition (1a), and then proceed to use (1b)
to both significantly reduce the set of possible interactions and
impose constraints on the parameters. The problem is then
reduced to the enforcing of the constraints on the spectrum
of the generator summarised by condition (1c). This is the
nontrivial step in the procedure, which we will however show
to be analytically solvable in at least some cases. This strategy
therefore reduces the task of constrained gate design into an
inverse eigenvalue problem, a topic well studied in the field
of numerical analysis [16]. More generally, we develop a
numerical supervised learning technique to avoid having to
directly tackle the solution of the nontrivial eigenvalue problem
posed by Eq. (1c). It is worth noting that, while H̃G produces
the same unitary evolution given by HG at time t = 1, the
dynamics will in general be di↵erent at 0 < t < 1.

Applications: To↵oli and Fredkin gates.– The quantum Tof-
foli gateUTo↵ is a control-control-NOT that flips the state of

the target qubit (qubit 3 in our notation) when the state of the
two controls (qubits 1 and 2) is |1i1 ⌦ |1i2, and acts trivially on
qubit 3 otherwise. Its realization is an important step towards
the construction of quantum computers [8, 17–19]. A time-
independent two-body Hamiltonian that simulatesUTo↵ with
four qubits has been obtained in [20] using a numerical opti-
mization technique, while three qubits have only been found to
make approximate and classical To↵oli gates [21]. Here, fol-
lowing the construction in Eq. (1), we find an analytic solution
that requires as few as three qubits. Its generator, obtained by
taking the principal value of the logarithm ofUTo↵ , is

HTo↵ =
⇡

8
(1 � �z

1)(1 � �z
2)(1 � �x

3), (3)

whose only three-qubit term is / �z
1�

z
2�

x
3, where �↵i is the

↵th Pauli matrix acting on qubit i. We now write a general
parametrised generator H̃To↵ as

H̃To↵ = h01 +
X

hi,↵�
↵
i +
X

J↵,�i, j �
↵
i �
�
j . (4)

The above expression, containing 37 parameters, automatically
satisfies condition (1a) in that it corresponds to an H̃To↵ with-
out three-qubit interactions. Imposing condition (1b) further
removes 12 parameters, leaving us with 25 (see Section I in
the Supplementary Material for more details). This number
is still too high to easily solve the inverse eigenvalue problem
embodied by condition (1c). We thus impose some physi-
cally plausible assumptions on the coe�cients, in order to
obtain a generator with a small enough number of parame-
ters for which condition (1c) can be satisfied and the resulting
equations are simple enough to be solvable. In particular,
we impose Jxz

12 = Jzx
12 = Jxx

13 = Jxx
23 = 0, Jzx

13 = Jzx
23 = ⇡/8,

Jzz
23 = �Jzz

13 and hz
1,2 = �⇡/8. The rationale behind these

assumptions is to look for a generator that is diagonal with
respect to the first two qubits, does not use �y

i operators, and
does not introduce new o↵-diagonal interactions, on top of the
ones already in the principal generator. This last assumption
is useful because it implies a reduced number of parameters
in H 0To↵ ⌘ H̃To↵ �HTo↵ , which is the operator on which we
have to impose Eq. (1c). Note that the above does not uniquely
identify the set of assumptions, and di↵erent assumptions lead-
ing to di↵erent classes of solutions are indeed possible. In
the Supplementary Materials we present another example of
generator, that is obtained via di↵erent assumptions. Imposing
the above constraints we obtain

H 0To↵ = (⇡/8)�z
1�

z
2�

x
3 + (h0 � ⇡/8)1 + (hx

3 + ⇡/8)�x
3+

(Jzz
12 � ⇡/8)�z

1�
z
2 + Jzz

13(�z
1 � �

z
2)�z

3.
(5)

The problem is now to find values for the coe�cients in Eq. (5)
such that exp(iH 0To↵) = 1, which is equivalent to finding co-
e�cients such that all the eigenvalues of H 0To↵ are integer
multiples of 2⇡. Solving for h0, hx

3, J
zz
12, J

zz
13 gives a family of so-

lutions parametrized by the 4 integer coe�cients ⌫1, ⌫2, ⌫3, ⌫4.
The full expression is given in the Supplementary Materials.
A simpler family of solutions depending on a single integer
parameter is obtained imposing ⌫1 = ⌫2 = ⌫3 = 0 and ⌫4 = ⌫,
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We assume that H̃G depends on a quantity � that
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instance, in a spin system, the physical interactions can be a
certain subset of the possible two-body and single-body inter-
actions, like the set of Heisenberg coupling strengths and local
magnetic fields. In general, H̃G(�) may also model a system
where the original register is coupled to auxiliary degrees of
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(1a) reiterates the constraints we are imposing on H̃G. While
condition (1b) may seem excessively restrictive, this turns out
to not be the case. To see this, consider the spectral decom-
position G = Pk �k

P
j Pk j of a general gate G. Here, Pk j is

the jth trace-1 projector in the kth degenerate subsector of the
eigenspace [15]. It follows thatHG and H̃G have the following
expressions

HG = �i
X

k

Log(�k)Ik, H̃G = HG + 2⇡
X

k, j

⌫k jPk j, (2)
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diagonal) matrix, and we have used the general expression for
the logarithm log � = Log � + 2⇡i⌫, with ⌫ 2 Z, applied to
every term of the spectral decomposition of G. Therefore, for
any choice of H̃G we have [H̃G,HG] = 0.

The set of conditions (1a)-(1c) considerably simplifies the
problem of gate simulation, and can be constructively used in
several ways. On one hand, they can be analytically solved
in at least some situations of physical interest. On the other
hand, they can be used to produce an e�cient starting point
for numerical optimization techniques. The general procedure
is to start from a generically parameterized expression for
H̃G(�) satisfying condition (1a), and then proceed to use (1b)
to both significantly reduce the set of possible interactions and
impose constraints on the parameters. The problem is then
reduced to the enforcing of the constraints on the spectrum
of the generator summarised by condition (1c). This is the
nontrivial step in the procedure, which we will however show
to be analytically solvable in at least some cases. This strategy
therefore reduces the task of constrained gate design into an
inverse eigenvalue problem, a topic well studied in the field
of numerical analysis [16]. More generally, we develop a
numerical supervised learning technique to avoid having to
directly tackle the solution of the nontrivial eigenvalue problem
posed by Eq. (1c). It is worth noting that, while H̃G produces
the same unitary evolution given by HG at time t = 1, the
dynamics will in general be di↵erent at 0 < t < 1.

Applications: To↵oli and Fredkin gates.– The quantum Tof-
foli gateUTo↵ is a control-control-NOT that flips the state of

the target qubit (qubit 3 in our notation) when the state of the
two controls (qubits 1 and 2) is |1i1 ⌦ |1i2, and acts trivially on
qubit 3 otherwise. Its realization is an important step towards
the construction of quantum computers [8, 17–19]. A time-
independent two-body Hamiltonian that simulatesUTo↵ with
four qubits has been obtained in [20] using a numerical opti-
mization technique, while three qubits have only been found to
make approximate and classical To↵oli gates [21]. Here, fol-
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The above expression, containing 37 parameters, automatically
satisfies condition (1a) in that it corresponds to an H̃To↵ with-
out three-qubit interactions. Imposing condition (1b) further
removes 12 parameters, leaving us with 25 (see Section I in
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is still too high to easily solve the inverse eigenvalue problem
embodied by condition (1c). We thus impose some physi-
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j Pk j, which is not (in general) an identity (or
diagonal) matrix, and we have used the general expression for
the logarithm log � = Log � + 2⇡i⌫, with ⌫ 2 Z, applied to
every term of the spectral decomposition of G. Therefore, for
any choice of H̃G we have [H̃G,HG] = 0.
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several ways. On one hand, they can be analytically solved
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is to start from a generically parameterized expression for
H̃G(�) satisfying condition (1a), and then proceed to use (1b)
to both significantly reduce the set of possible interactions and
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reduced to the enforcing of the constraints on the spectrum
of the generator summarised by condition (1c). This is the
nontrivial step in the procedure, which we will however show
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interactions, such that G = exp(iHG) = exp(iH̃G).
We assume that H̃G depends on a quantity � that

parametrizes the set of physical interactions to be used. For
instance, in a spin system, the physical interactions can be a
certain subset of the possible two-body and single-body inter-
actions, like the set of Heisenberg coupling strengths and local
magnetic fields. In general, H̃G(�) may also model a system
where the original register is coupled to auxiliary degrees of
freedom, though we will here focus on the case without ancil-
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the jth trace-1 projector in the kth degenerate subsector of the
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out three-qubit interactions. Imposing condition (1b) further
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is still too high to easily solve the inverse eigenvalue problem
embodied by condition (1c). We thus impose some physi-
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The problem is now to find values for the coe�cients in Eq. (5)
such that exp(iH 0To↵) = 1, which is equivalent to finding co-
e�cients such that all the eigenvalues of H 0To↵ are integer
multiples of 2⇡. Solving for h0, hx

3, J
zz
12, J

zz
13 gives a family of so-

lutions parametrized by the 4 integer coe�cients ⌫1, ⌫2, ⌫3, ⌫4.
The full expression is given in the Supplementary Materials.
A simpler family of solutions depending on a single integer
parameter is obtained imposing ⌫1 = ⌫2 = ⌫3 = 0 and ⌫4 = ⌫,
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As can be directly verified, for non-zero integer values of ⌫,
the above satisfies exp(iH̃To↵(⌫)) = UTo↵ . It is interesting to
remark that the generator in Eq. (6) can also be deduced directly
by using only properties of the Pauli matrices, as shown in the
supplementary materials (while this is harder in the case of the
generator provided for the Fredkin in Eq. (8)). Thus, a highly
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exactly without three-qubit interactions.
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where the control qubit is the first one. Clearly, the above
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This proves that also the Fredkin gate, a nontrivial gate with sev-
eral applications, can be implemented without time-dependent
dynamics using only at most two-qubit interactions. The phys-
ical reason behind this simplification can be understood from
the study of the spectral properties. For example, the gate
UFred has only two eigenvalues, �± = ±1 with �+ having a sev-
enfold degeneracy due to the symmetries of the gate. De facto,
such degeneracy makes the time-evolution operator generated
byHFred operate in a two-level subspace. On the other hand,
the spectrum of H̃Fred �HFred is {�4⇡,�2⇡, 0, 0, 0, 2⇡, 2⇡, 4⇡},
showing that the heavy degeneracy in the spectrum ofHFred is

partially lifted when considering H̃Fred�HFred, and the dynam-
ics thus occurs in an larger e↵ective Hilbert space. Nonetheless,
although exp(itH̃Fred) is non-symmetric for most of the evo-
lution times, by construction all the symmetries are restored
at t = 1, as well as at any subsequent integer times. This
example nicely shows that breaking the symmetries of a gate
G, exploiting its degenerate space, can help the gate simulation
when restricting the set of viable interactions.

Perfect state transfer.– A one-dimensional quantum walk
is described by the Hamiltonian HW =

PN�1
k=1 Jk |ki hk�1| +

Bk |ki hk|, where N is the length of the lattice upon which the
walk takes place, Jk the transition rates between adjacent sites,
Bk the local energies and |ki defines the state where the “walker”
is at the k-th site. A quantum walk Hamiltonian HW admits
perfect state transfer (PST) at time t, i.e. the initial state of
the walker initially at site k is perfectly retrieved at site N �
j + 1 if e�itHW = ⌅, where ⌅k j = �k,N� j+1 is the reflection
matrix. Necessary and su�cient conditions for PST are well
understood [13, 14]: firstly,HW has to be “mirror-symmetric”,
that is [HW ,⌅] = 0, and secondly the eigenvalues {Ek} ofHW
should to satisfy the condition eiEkt = (±1)k.

We show now that finding the parameters {Jk, Bk} for PST is
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“physical” couplings are the nearest neighbour interactions, but
H⌅ = i log(⌅) = ⇡(⌅ � 1)/2 is long range. Using HW as
Hphys(�), where � = {Jk, Bk}, and defining H 0 = HW � H⌅
following condition (1c), where the physical interactions in
H⌅ have been reabsorbed into the definition ofHW , one finds
that: (i) condition (1b) is equivalent to the mirror-symmetry
request [HW ,⌅] = 0; (ii) from conditions (1c) and from the
definitions ofHW andH⌅, one finds that the spectrum ofHW
satisfies eiEkt = (±1)k — indeed the eigenvalues of ⌅ are {0, ⇡},
so Ek = ⇡(2nk + 1) for integer nk. It is straigthforward to
extend the above proof for more general transfers, such as with
long-range interactions [24], or for perfect fractional revivals
[25, 26].

Supervised learning approach– We now describe a di↵erent
methodology to solve the di�cult part of the conditions given
in Eq. (1), that is imposing the condition on the eigenvalues.
While the direct algebraic approach fails as soon as we con-
sider more than a few parameters, and for example already
fails to find solutions for the To↵oli gate with only diagonal
interactions, the method we present here scales much better
with the number of interactions and is easily generalized to any
kind of structure of the qubit network. The idea is to adopt a su-
pervised learning approach to solve the optimization problem
of finding the set of Hamiltonian parameters generating a target
evolution. A first exploration of such a method has been laid
down in Ref. [20]. However, we have been able to significantly
improve on this work, by borrowing from machine learning
techiques commonly used to train neural networks. As we
show below, this results in a more e�cient training and allows
for the exploration of a richer set of scenarios.

The problem we set up to solve is a generalized version
of the one presented above. Given a target gate G and a pa-
rameterized Hamiltonian H(�) =

P
i �iOi, where � = {�i} isDecompose
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a set of real parameters and Oi are Hermitian operators, we
want to find the set �0 such that exp(iH(�0)) = G. This can
be reframed as an optimization problem by considering the
fidelity function F (�, ) ⌘ h |G† exp(iH(�))| i, for an arbi-
trary state | i. Clearly, F (�0, ) = 1 for all | i if and only
if exp(iH(�0)) = G. A possible approach to find such �0 is
to consider the average fidelity function F̄ (�), defined as the
average of F (�, ) over all  . Given that explicit formulas
are known for F̄ [27–29], standard optimisation methods can
be applied directly to F̄ to find solutions to the gate design
problem 1. This method, however, turns out to be ine�cient for
the problem at hand, due to the complexity of the underlying
parameter space. We therefore turn to a di↵erent technique,
exploiting how the fidelity landscape changes when changing
the state | i [20]. We can indeed use the fact that the only
values of � for which the fidelity is 1 regardless of | i are
those corresponding to our solution. By employing a gradient
descent technique [31, 32] and di↵erent | i at di↵erent steps,
we implement the following iterative procedure:

1. Choose an initial set of parameters �.

2. Generate a random set of input states | ki, k = 1, ...,Nb,
with Nb the size of the mini-batches chosen beforehand.

3. For each k, compute r�F (�, k). The use of machine
learning frameworks like Theano [33], TensorFlow [34],
or PyTorch [35] (among others), enabled the calcula-
tion of gradients automatically from the chain rule, thus
avoiding numerical errors arising from numerical di↵er-
entiation algorithms.

4. Update the coupling strengths �. We here do this using
the so-called momentum gradient descent method [36],
corresponding to the following updating rule:

v! �v + ⌘r�F (�, k),
�! � + v,

(9)

where the learning rate ⌘ and the momentum term � are
hyperparameters to be chosen beforehand. The value of
the learning rate is also chosen to be decreasing with the
iteration number.

5. Return to point 2, until a satisfactory value of the fidelity
is obtained.

A more in-depth explanation of the techniques involved is pro-
vided in the Supplementary Materials. To find the interaction
parameters implementing a To↵oli gate, using only one-qubit
interactions and two-qubit diagonal interactions (that is, in-
teractions of the form �↵1�

↵
2 ), we start the numerical training

from the Hamiltonian obtained by imposing Eq. (1b) on the
parametrized Hamiltonian containing the required interactions,
which has the form

H̃To↵ = hz
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Starting the training from Eq. (10), many di↵erent solutions
can be found, depending on the chosen initial conditions and
the random states that are used at each run. In Fig. 1 (a), sev-
eral di↵erent solutions are shown, proving that it is indeed
possible to implement a To↵oli gate using only pairwise diago-
nal interactions. This analysis can be extended to the case of
a Fredkin gate, whose generator with only diagonal pairwise
interactions and commuting with the principal generator of the
Fredkin is found to have at most two-body terms. Using this
model as starting point for the training we again obtain several
solutions, some of which are shown in Fig. 1 (b).

More generally, we need not limit ourselves to the training
of three-qubit networks. To illustrate this, we provide yet
another example of successful application of our framework,
this time to implement a non-trivial unitary evolution over
four qubits. In particular, we successfully train a four-qubit
network to implement the doubly-controlled Fredkin gateUFF ,
defined asUFF ⌘ |0ih0| ⌦UFred + |1ih1| ⌦UFred, whereUFred
denotes a Fredkin gate in which the control qubit is the third
one, and the target ones the first two. It turns out that this four-
qubit gate can be implemented using no more than two-qubit
interactions, and that furthermore this set can be restricted to
only consider diagonal ones. Some examples of such solutions
are shown in Fig. 1 (c). Note that to obtain these results no
ad-hoc reasoning was used, nor ansatz such as those used
to derive Eqs. (6) and (8) were needed. This, in particular,
makes it easy to test any hypothesis such as “can gate X be
implemented using only set of interaction Y” without having
to go through extra ad-hoc calculations.

Conclusions– We have presented a general framework to ap-
proach constrained gate-synthesis problems. We have showed
that the procedure is amenable to direct analytical solution,
providing time-independent Hamiltonians generating To↵oli
and Fredkin gates using only undemanding diagonal interac-
tions and no ancillary qubits. To our knowledge, no previous
attempt at such a decomposition has been reported so far. Gen-
erality can be added to our approach by powerful techniques
of supervised learning of the interaction parameters, which
allowed to find Hamiltonians with specified sets of interactions
producing target unitary evolutions. Our approach and results
are potentially of great interest to optimize experimental im-
plementations of quantum algorithms in architectures such as
linear optics and super conductive qubits.
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want to find the set �0 such that exp(iH(�0)) = G. This can
be reframed as an optimization problem by considering the
fidelity function F (�, ) ⌘ h |G† exp(iH(�))| i, for an arbi-
trary state | i. Clearly, F (�0, ) = 1 for all | i if and only
if exp(iH(�0)) = G. A possible approach to find such �0 is
to consider the average fidelity function F̄ (�), defined as the
average of F (�, ) over all  . Given that explicit formulas
are known for F̄ [27–29], standard optimisation methods can
be applied directly to F̄ to find solutions to the gate design
problem 1. This method, however, turns out to be ine�cient for
the problem at hand, due to the complexity of the underlying
parameter space. We therefore turn to a di↵erent technique,
exploiting how the fidelity landscape changes when changing
the state | i [20]. We can indeed use the fact that the only
values of � for which the fidelity is 1 regardless of | i are
those corresponding to our solution. By employing a gradient
descent technique [31, 32] and di↵erent | i at di↵erent steps,
we implement the following iterative procedure:

1. Choose an initial set of parameters �.

2. Generate a random set of input states | ki, k = 1, ...,Nb,
with Nb the size of the mini-batches chosen beforehand.

3. For each k, compute r�F (�, k). The use of machine
learning frameworks like Theano [33], TensorFlow [34],
or PyTorch [35] (among others), enabled the calcula-
tion of gradients automatically from the chain rule, thus
avoiding numerical errors arising from numerical di↵er-
entiation algorithms.

4. Update the coupling strengths �. We here do this using
the so-called momentum gradient descent method [36],
corresponding to the following updating rule:

v! �v + ⌘r�F (�, k),
�! � + v,

(9)

where the learning rate ⌘ and the momentum term � are
hyperparameters to be chosen beforehand. The value of
the learning rate is also chosen to be decreasing with the
iteration number.

5. Return to point 2, until a satisfactory value of the fidelity
is obtained.

A more in-depth explanation of the techniques involved is pro-
vided in the Supplementary Materials. To find the interaction
parameters implementing a To↵oli gate, using only one-qubit
interactions and two-qubit diagonal interactions (that is, in-
teractions of the form �↵1�
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2 ), we start the numerical training

from the Hamiltonian obtained by imposing Eq. (1b) on the
parametrized Hamiltonian containing the required interactions,
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Starting the training from Eq. (10), many di↵erent solutions
can be found, depending on the chosen initial conditions and
the random states that are used at each run. In Fig. 1 (a), sev-
eral di↵erent solutions are shown, proving that it is indeed
possible to implement a To↵oli gate using only pairwise diago-
nal interactions. This analysis can be extended to the case of
a Fredkin gate, whose generator with only diagonal pairwise
interactions and commuting with the principal generator of the
Fredkin is found to have at most two-body terms. Using this
model as starting point for the training we again obtain several
solutions, some of which are shown in Fig. 1 (b).

More generally, we need not limit ourselves to the training
of three-qubit networks. To illustrate this, we provide yet
another example of successful application of our framework,
this time to implement a non-trivial unitary evolution over
four qubits. In particular, we successfully train a four-qubit
network to implement the doubly-controlled Fredkin gateUFF ,
defined asUFF ⌘ |0ih0| ⌦UFred + |1ih1| ⌦UFred, whereUFred
denotes a Fredkin gate in which the control qubit is the third
one, and the target ones the first two. It turns out that this four-
qubit gate can be implemented using no more than two-qubit
interactions, and that furthermore this set can be restricted to
only consider diagonal ones. Some examples of such solutions
are shown in Fig. 1 (c). Note that to obtain these results no
ad-hoc reasoning was used, nor ansatz such as those used
to derive Eqs. (6) and (8) were needed. This, in particular,
makes it easy to test any hypothesis such as “can gate X be
implemented using only set of interaction Y” without having
to go through extra ad-hoc calculations.

Conclusions– We have presented a general framework to ap-
proach constrained gate-synthesis problems. We have showed
that the procedure is amenable to direct analytical solution,
providing time-independent Hamiltonians generating To↵oli
and Fredkin gates using only undemanding diagonal interac-
tions and no ancillary qubits. To our knowledge, no previous
attempt at such a decomposition has been reported so far. Gen-
erality can be added to our approach by powerful techniques
of supervised learning of the interaction parameters, which
allowed to find Hamiltonians with specified sets of interactions
producing target unitary evolutions. Our approach and results
are potentially of great interest to optimize experimental im-
plementations of quantum algorithms in architectures such as
linear optics and super conductive qubits.
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we implement the following iterative procedure:
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2. Generate a random set of input states | ki, k = 1, ...,Nb,
with Nb the size of the mini-batches chosen beforehand.

3. For each k, compute r�F (�, k). The use of machine
learning frameworks like Theano [33], TensorFlow [34],
or PyTorch [35] (among others), enabled the calcula-
tion of gradients automatically from the chain rule, thus
avoiding numerical errors arising from numerical di↵er-
entiation algorithms.

4. Update the coupling strengths �. We here do this using
the so-called momentum gradient descent method [36],
corresponding to the following updating rule:
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where the learning rate ⌘ and the momentum term � are
hyperparameters to be chosen beforehand. The value of
the learning rate is also chosen to be decreasing with the
iteration number.

5. Return to point 2, until a satisfactory value of the fidelity
is obtained.

A more in-depth explanation of the techniques involved is pro-
vided in the Supplementary Materials. To find the interaction
parameters implementing a To↵oli gate, using only one-qubit
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can be found, depending on the chosen initial conditions and
the random states that are used at each run. In Fig. 1 (a), sev-
eral di↵erent solutions are shown, proving that it is indeed
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denotes a Fredkin gate in which the control qubit is the third
one, and the target ones the first two. It turns out that this four-
qubit gate can be implemented using no more than two-qubit
interactions, and that furthermore this set can be restricted to
only consider diagonal ones. Some examples of such solutions
are shown in Fig. 1 (c). Note that to obtain these results no
ad-hoc reasoning was used, nor ansatz such as those used
to derive Eqs. (6) and (8) were needed. This, in particular,
makes it easy to test any hypothesis such as “can gate X be
implemented using only set of interaction Y” without having
to go through extra ad-hoc calculations.
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that the procedure is amenable to direct analytical solution,
providing time-independent Hamiltonians generating To↵oli
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the state | i [20]. We can indeed use the fact that the only
values of � for which the fidelity is 1 regardless of | i are
those corresponding to our solution. By employing a gradient
descent technique [31, 32] and di↵erent | i at di↵erent steps,
we implement the following iterative procedure:

1. Choose an initial set of parameters �.

2. Generate a random set of input states | ki, k = 1, ...,Nb,
with Nb the size of the mini-batches chosen beforehand.

3. For each k, compute r�F (�, k). The use of machine
learning frameworks like Theano [33], TensorFlow [34],
or PyTorch [35] (among others), enabled the calcula-
tion of gradients automatically from the chain rule, thus
avoiding numerical errors arising from numerical di↵er-
entiation algorithms.

4. Update the coupling strengths �. We here do this using
the so-called momentum gradient descent method [36],
corresponding to the following updating rule:

v! �v + ⌘r�F (�, k),
�! � + v,

(9)

where the learning rate ⌘ and the momentum term � are
hyperparameters to be chosen beforehand. The value of
the learning rate is also chosen to be decreasing with the
iteration number.

5. Return to point 2, until a satisfactory value of the fidelity
is obtained.

A more in-depth explanation of the techniques involved is pro-
vided in the Supplementary Materials. To find the interaction
parameters implementing a To↵oli gate, using only one-qubit
interactions and two-qubit diagonal interactions (that is, in-
teractions of the form �↵1�

↵
2 ), we start the numerical training

from the Hamiltonian obtained by imposing Eq. (1b) on the
parametrized Hamiltonian containing the required interactions,
which has the form
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Starting the training from Eq. (10), many di↵erent solutions
can be found, depending on the chosen initial conditions and
the random states that are used at each run. In Fig. 1 (a), sev-
eral di↵erent solutions are shown, proving that it is indeed
possible to implement a To↵oli gate using only pairwise diago-
nal interactions. This analysis can be extended to the case of
a Fredkin gate, whose generator with only diagonal pairwise
interactions and commuting with the principal generator of the
Fredkin is found to have at most two-body terms. Using this
model as starting point for the training we again obtain several
solutions, some of which are shown in Fig. 1 (b).

More generally, we need not limit ourselves to the training
of three-qubit networks. To illustrate this, we provide yet
another example of successful application of our framework,
this time to implement a non-trivial unitary evolution over
four qubits. In particular, we successfully train a four-qubit
network to implement the doubly-controlled Fredkin gateUFF ,
defined asUFF ⌘ |0ih0| ⌦UFred + |1ih1| ⌦UFred, whereUFred
denotes a Fredkin gate in which the control qubit is the third
one, and the target ones the first two. It turns out that this four-
qubit gate can be implemented using no more than two-qubit
interactions, and that furthermore this set can be restricted to
only consider diagonal ones. Some examples of such solutions
are shown in Fig. 1 (c). Note that to obtain these results no
ad-hoc reasoning was used, nor ansatz such as those used
to derive Eqs. (6) and (8) were needed. This, in particular,
makes it easy to test any hypothesis such as “can gate X be
implemented using only set of interaction Y” without having
to go through extra ad-hoc calculations.

Conclusions– We have presented a general framework to ap-
proach constrained gate-synthesis problems. We have showed
that the procedure is amenable to direct analytical solution,
providing time-independent Hamiltonians generating To↵oli
and Fredkin gates using only undemanding diagonal interac-
tions and no ancillary qubits. To our knowledge, no previous
attempt at such a decomposition has been reported so far. Gen-
erality can be added to our approach by powerful techniques
of supervised learning of the interaction parameters, which
allowed to find Hamiltonians with specified sets of interactions
producing target unitary evolutions. Our approach and results
are potentially of great interest to optimize experimental im-
plementations of quantum algorithms in architectures such as
linear optics and super conductive qubits.
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a set of real parameters and Oi are Hermitian operators, we
want to find the set �0 such that exp(iH(�0)) = G. This can
be reframed as an optimization problem by considering the
fidelity function F (�, ) ⌘ h |G† exp(iH(�))| i, for an arbi-
trary state | i. Clearly, F (�0, ) = 1 for all | i if and only
if exp(iH(�0)) = G. A possible approach to find such �0 is
to consider the average fidelity function F̄ (�), defined as the
average of F (�, ) over all  . Given that explicit formulas
are known for F̄ [27–29], standard optimisation methods can
be applied directly to F̄ to find solutions to the gate design
problem 1. This method, however, turns out to be ine�cient for
the problem at hand, due to the complexity of the underlying
parameter space. We therefore turn to a di↵erent technique,
exploiting how the fidelity landscape changes when changing
the state | i [20]. We can indeed use the fact that the only
values of � for which the fidelity is 1 regardless of | i are
those corresponding to our solution. By employing a gradient
descent technique [31, 32] and di↵erent | i at di↵erent steps,
we implement the following iterative procedure:

1. Choose an initial set of parameters �.

2. Generate a random set of input states | ki, k = 1, ...,Nb,
with Nb the size of the mini-batches chosen beforehand.

3. For each k, compute r�F (�, k). The use of machine
learning frameworks like Theano [33], TensorFlow [34],
or PyTorch [35] (among others), enabled the calcula-
tion of gradients automatically from the chain rule, thus
avoiding numerical errors arising from numerical di↵er-
entiation algorithms.

4. Update the coupling strengths �. We here do this using
the so-called momentum gradient descent method [36],
corresponding to the following updating rule:

v! �v + ⌘r�F (�, k),
�! � + v,

(9)

where the learning rate ⌘ and the momentum term � are
hyperparameters to be chosen beforehand. The value of
the learning rate is also chosen to be decreasing with the
iteration number.

5. Return to point 2, until a satisfactory value of the fidelity
is obtained.

A more in-depth explanation of the techniques involved is pro-
vided in the Supplementary Materials. To find the interaction
parameters implementing a To↵oli gate, using only one-qubit
interactions and two-qubit diagonal interactions (that is, in-
teractions of the form �↵1�

↵
2 ), we start the numerical training

from the Hamiltonian obtained by imposing Eq. (1b) on the
parametrized Hamiltonian containing the required interactions,
which has the form

H̃To↵ = hz
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Starting the training from Eq. (10), many di↵erent solutions
can be found, depending on the chosen initial conditions and
the random states that are used at each run. In Fig. 1 (a), sev-
eral di↵erent solutions are shown, proving that it is indeed
possible to implement a To↵oli gate using only pairwise diago-
nal interactions. This analysis can be extended to the case of
a Fredkin gate, whose generator with only diagonal pairwise
interactions and commuting with the principal generator of the
Fredkin is found to have at most two-body terms. Using this
model as starting point for the training we again obtain several
solutions, some of which are shown in Fig. 1 (b).

More generally, we need not limit ourselves to the training
of three-qubit networks. To illustrate this, we provide yet
another example of successful application of our framework,
this time to implement a non-trivial unitary evolution over
four qubits. In particular, we successfully train a four-qubit
network to implement the doubly-controlled Fredkin gateUFF ,
defined asUFF ⌘ |0ih0| ⌦UFred + |1ih1| ⌦UFred, whereUFred
denotes a Fredkin gate in which the control qubit is the third
one, and the target ones the first two. It turns out that this four-
qubit gate can be implemented using no more than two-qubit
interactions, and that furthermore this set can be restricted to
only consider diagonal ones. Some examples of such solutions
are shown in Fig. 1 (c). Note that to obtain these results no
ad-hoc reasoning was used, nor ansatz such as those used
to derive Eqs. (6) and (8) were needed. This, in particular,
makes it easy to test any hypothesis such as “can gate X be
implemented using only set of interaction Y” without having
to go through extra ad-hoc calculations.

Conclusions– We have presented a general framework to ap-
proach constrained gate-synthesis problems. We have showed
that the procedure is amenable to direct analytical solution,
providing time-independent Hamiltonians generating To↵oli
and Fredkin gates using only undemanding diagonal interac-
tions and no ancillary qubits. To our knowledge, no previous
attempt at such a decomposition has been reported so far. Gen-
erality can be added to our approach by powerful techniques
of supervised learning of the interaction parameters, which
allowed to find Hamiltonians with specified sets of interactions
producing target unitary evolutions. Our approach and results
are potentially of great interest to optimize experimental im-
plementations of quantum algorithms in architectures such as
linear optics and super conductive qubits.
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a set of real parameters and Oi are Hermitian operators, we
want to find the set �0 such that exp(iH(�0)) = G. This can
be reframed as an optimization problem by considering the
fidelity function F (�, ) ⌘ h |G† exp(iH(�))| i, for an arbi-
trary state | i. Clearly, F (�0, ) = 1 for all | i if and only
if exp(iH(�0)) = G. A possible approach to find such �0 is
to consider the average fidelity function F̄ (�), defined as the
average of F (�, ) over all  . Given that explicit formulas
are known for F̄ [27–29], standard optimisation methods can
be applied directly to F̄ to find solutions to the gate design
problem 1. This method, however, turns out to be ine�cient for
the problem at hand, due to the complexity of the underlying
parameter space. We therefore turn to a di↵erent technique,
exploiting how the fidelity landscape changes when changing
the state | i [20]. We can indeed use the fact that the only
values of � for which the fidelity is 1 regardless of | i are
those corresponding to our solution. By employing a gradient
descent technique [31, 32] and di↵erent | i at di↵erent steps,
we implement the following iterative procedure:

1. Choose an initial set of parameters �.

2. Generate a random set of input states | ki, k = 1, ...,Nb,
with Nb the size of the mini-batches chosen beforehand.

3. For each k, compute r�F (�, k). The use of machine
learning frameworks like Theano [33], TensorFlow [34],
or PyTorch [35] (among others), enabled the calcula-
tion of gradients automatically from the chain rule, thus
avoiding numerical errors arising from numerical di↵er-
entiation algorithms.

4. Update the coupling strengths �. We here do this using
the so-called momentum gradient descent method [36],
corresponding to the following updating rule:

v! �v + ⌘r�F (�, k),
�! � + v,

(9)

where the learning rate ⌘ and the momentum term � are
hyperparameters to be chosen beforehand. The value of
the learning rate is also chosen to be decreasing with the
iteration number.

5. Return to point 2, until a satisfactory value of the fidelity
is obtained.

A more in-depth explanation of the techniques involved is pro-
vided in the Supplementary Materials. To find the interaction
parameters implementing a To↵oli gate, using only one-qubit
interactions and two-qubit diagonal interactions (that is, in-
teractions of the form �↵1�

↵
2 ), we start the numerical training

from the Hamiltonian obtained by imposing Eq. (1b) on the
parametrized Hamiltonian containing the required interactions,
which has the form

H̃To↵ = hz
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Starting the training from Eq. (10), many di↵erent solutions
can be found, depending on the chosen initial conditions and
the random states that are used at each run. In Fig. 1 (a), sev-
eral di↵erent solutions are shown, proving that it is indeed
possible to implement a To↵oli gate using only pairwise diago-
nal interactions. This analysis can be extended to the case of
a Fredkin gate, whose generator with only diagonal pairwise
interactions and commuting with the principal generator of the
Fredkin is found to have at most two-body terms. Using this
model as starting point for the training we again obtain several
solutions, some of which are shown in Fig. 1 (b).

More generally, we need not limit ourselves to the training
of three-qubit networks. To illustrate this, we provide yet
another example of successful application of our framework,
this time to implement a non-trivial unitary evolution over
four qubits. In particular, we successfully train a four-qubit
network to implement the doubly-controlled Fredkin gateUFF ,
defined asUFF ⌘ |0ih0| ⌦UFred + |1ih1| ⌦UFred, whereUFred
denotes a Fredkin gate in which the control qubit is the third
one, and the target ones the first two. It turns out that this four-
qubit gate can be implemented using no more than two-qubit
interactions, and that furthermore this set can be restricted to
only consider diagonal ones. Some examples of such solutions
are shown in Fig. 1 (c). Note that to obtain these results no
ad-hoc reasoning was used, nor ansatz such as those used
to derive Eqs. (6) and (8) were needed. This, in particular,
makes it easy to test any hypothesis such as “can gate X be
implemented using only set of interaction Y” without having
to go through extra ad-hoc calculations.

Conclusions– We have presented a general framework to ap-
proach constrained gate-synthesis problems. We have showed
that the procedure is amenable to direct analytical solution,
providing time-independent Hamiltonians generating To↵oli
and Fredkin gates using only undemanding diagonal interac-
tions and no ancillary qubits. To our knowledge, no previous
attempt at such a decomposition has been reported so far. Gen-
erality can be added to our approach by powerful techniques
of supervised learning of the interaction parameters, which
allowed to find Hamiltonians with specified sets of interactions
producing target unitary evolutions. Our approach and results
are potentially of great interest to optimize experimental im-
plementations of quantum algorithms in architectures such as
linear optics and super conductive qubits.
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a set of real parameters and Oi are Hermitian operators, we
want to find the set �0 such that exp(iH(�0)) = G. This can
be reframed as an optimization problem by considering the
fidelity function F (�, ) ⌘ h |G† exp(iH(�))| i, for an arbi-
trary state | i. Clearly, F (�0, ) = 1 for all | i if and only
if exp(iH(�0)) = G. A possible approach to find such �0 is
to consider the average fidelity function F̄ (�), defined as the
average of F (�, ) over all  . Given that explicit formulas
are known for F̄ [27–29], standard optimisation methods can
be applied directly to F̄ to find solutions to the gate design
problem 1. This method, however, turns out to be ine�cient for
the problem at hand, due to the complexity of the underlying
parameter space. We therefore turn to a di↵erent technique,
exploiting how the fidelity landscape changes when changing
the state | i [20]. We can indeed use the fact that the only
values of � for which the fidelity is 1 regardless of | i are
those corresponding to our solution. By employing a gradient
descent technique [31, 32] and di↵erent | i at di↵erent steps,
we implement the following iterative procedure:

1. Choose an initial set of parameters �.

2. Generate a random set of input states | ki, k = 1, ...,Nb,
with Nb the size of the mini-batches chosen beforehand.

3. For each k, compute r�F (�, k). The use of machine
learning frameworks like Theano [33], TensorFlow [34],
or PyTorch [35] (among others), enabled the calcula-
tion of gradients automatically from the chain rule, thus
avoiding numerical errors arising from numerical di↵er-
entiation algorithms.

4. Update the coupling strengths �. We here do this using
the so-called momentum gradient descent method [36],
corresponding to the following updating rule:

v! �v + ⌘r�F (�, k),
�! � + v,

(9)

where the learning rate ⌘ and the momentum term � are
hyperparameters to be chosen beforehand. The value of
the learning rate is also chosen to be decreasing with the
iteration number.

5. Return to point 2, until a satisfactory value of the fidelity
is obtained.

A more in-depth explanation of the techniques involved is pro-
vided in the Supplementary Materials. To find the interaction
parameters implementing a To↵oli gate, using only one-qubit
interactions and two-qubit diagonal interactions (that is, in-
teractions of the form �↵1�

↵
2 ), we start the numerical training

from the Hamiltonian obtained by imposing Eq. (1b) on the
parametrized Hamiltonian containing the required interactions,
which has the form

H̃To↵ = hz
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Starting the training from Eq. (10), many di↵erent solutions
can be found, depending on the chosen initial conditions and
the random states that are used at each run. In Fig. 1 (a), sev-
eral di↵erent solutions are shown, proving that it is indeed
possible to implement a To↵oli gate using only pairwise diago-
nal interactions. This analysis can be extended to the case of
a Fredkin gate, whose generator with only diagonal pairwise
interactions and commuting with the principal generator of the
Fredkin is found to have at most two-body terms. Using this
model as starting point for the training we again obtain several
solutions, some of which are shown in Fig. 1 (b).

More generally, we need not limit ourselves to the training
of three-qubit networks. To illustrate this, we provide yet
another example of successful application of our framework,
this time to implement a non-trivial unitary evolution over
four qubits. In particular, we successfully train a four-qubit
network to implement the doubly-controlled Fredkin gateUFF ,
defined asUFF ⌘ |0ih0| ⌦UFred + |1ih1| ⌦UFred, whereUFred
denotes a Fredkin gate in which the control qubit is the third
one, and the target ones the first two. It turns out that this four-
qubit gate can be implemented using no more than two-qubit
interactions, and that furthermore this set can be restricted to
only consider diagonal ones. Some examples of such solutions
are shown in Fig. 1 (c). Note that to obtain these results no
ad-hoc reasoning was used, nor ansatz such as those used
to derive Eqs. (6) and (8) were needed. This, in particular,
makes it easy to test any hypothesis such as “can gate X be
implemented using only set of interaction Y” without having
to go through extra ad-hoc calculations.

Conclusions– We have presented a general framework to ap-
proach constrained gate-synthesis problems. We have showed
that the procedure is amenable to direct analytical solution,
providing time-independent Hamiltonians generating To↵oli
and Fredkin gates using only undemanding diagonal interac-
tions and no ancillary qubits. To our knowledge, no previous
attempt at such a decomposition has been reported so far. Gen-
erality can be added to our approach by powerful techniques
of supervised learning of the interaction parameters, which
allowed to find Hamiltonians with specified sets of interactions
producing target unitary evolutions. Our approach and results
are potentially of great interest to optimize experimental im-
plementations of quantum algorithms in architectures such as
linear optics and super conductive qubits.
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a set of real parameters and Oi are Hermitian operators, we
want to find the set �0 such that exp(iH(�0)) = G. This can
be reframed as an optimization problem by considering the
fidelity function F (�, ) ⌘ h |G† exp(iH(�))| i, for an arbi-
trary state | i. Clearly, F (�0, ) = 1 for all | i if and only
if exp(iH(�0)) = G. A possible approach to find such �0 is
to consider the average fidelity function F̄ (�), defined as the
average of F (�, ) over all  . Given that explicit formulas
are known for F̄ [27–29], standard optimisation methods can
be applied directly to F̄ to find solutions to the gate design
problem 1. This method, however, turns out to be ine�cient for
the problem at hand, due to the complexity of the underlying
parameter space. We therefore turn to a di↵erent technique,
exploiting how the fidelity landscape changes when changing
the state | i [20]. We can indeed use the fact that the only
values of � for which the fidelity is 1 regardless of | i are
those corresponding to our solution. By employing a gradient
descent technique [31, 32] and di↵erent | i at di↵erent steps,
we implement the following iterative procedure:

1. Choose an initial set of parameters �.

2. Generate a random set of input states | ki, k = 1, ...,Nb,
with Nb the size of the mini-batches chosen beforehand.

3. For each k, compute r�F (�, k). The use of machine
learning frameworks like Theano [33], TensorFlow [34],
or PyTorch [35] (among others), enabled the calcula-
tion of gradients automatically from the chain rule, thus
avoiding numerical errors arising from numerical di↵er-
entiation algorithms.

4. Update the coupling strengths �. We here do this using
the so-called momentum gradient descent method [36],
corresponding to the following updating rule:

v! �v + ⌘r�F (�, k),
�! � + v,

(9)

where the learning rate ⌘ and the momentum term � are
hyperparameters to be chosen beforehand. The value of
the learning rate is also chosen to be decreasing with the
iteration number.

5. Return to point 2, until a satisfactory value of the fidelity
is obtained.

A more in-depth explanation of the techniques involved is pro-
vided in the Supplementary Materials. To find the interaction
parameters implementing a To↵oli gate, using only one-qubit
interactions and two-qubit diagonal interactions (that is, in-
teractions of the form �↵1�

↵
2 ), we start the numerical training

from the Hamiltonian obtained by imposing Eq. (1b) on the
parametrized Hamiltonian containing the required interactions,
which has the form
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Starting the training from Eq. (10), many di↵erent solutions
can be found, depending on the chosen initial conditions and
the random states that are used at each run. In Fig. 1 (a), sev-
eral di↵erent solutions are shown, proving that it is indeed
possible to implement a To↵oli gate using only pairwise diago-
nal interactions. This analysis can be extended to the case of
a Fredkin gate, whose generator with only diagonal pairwise
interactions and commuting with the principal generator of the
Fredkin is found to have at most two-body terms. Using this
model as starting point for the training we again obtain several
solutions, some of which are shown in Fig. 1 (b).

More generally, we need not limit ourselves to the training
of three-qubit networks. To illustrate this, we provide yet
another example of successful application of our framework,
this time to implement a non-trivial unitary evolution over
four qubits. In particular, we successfully train a four-qubit
network to implement the doubly-controlled Fredkin gateUFF ,
defined asUFF ⌘ |0ih0| ⌦UFred + |1ih1| ⌦UFred, whereUFred
denotes a Fredkin gate in which the control qubit is the third
one, and the target ones the first two. It turns out that this four-
qubit gate can be implemented using no more than two-qubit
interactions, and that furthermore this set can be restricted to
only consider diagonal ones. Some examples of such solutions
are shown in Fig. 1 (c). Note that to obtain these results no
ad-hoc reasoning was used, nor ansatz such as those used
to derive Eqs. (6) and (8) were needed. This, in particular,
makes it easy to test any hypothesis such as “can gate X be
implemented using only set of interaction Y” without having
to go through extra ad-hoc calculations.

Conclusions– We have presented a general framework to ap-
proach constrained gate-synthesis problems. We have showed
that the procedure is amenable to direct analytical solution,
providing time-independent Hamiltonians generating To↵oli
and Fredkin gates using only undemanding diagonal interac-
tions and no ancillary qubits. To our knowledge, no previous
attempt at such a decomposition has been reported so far. Gen-
erality can be added to our approach by powerful techniques
of supervised learning of the interaction parameters, which
allowed to find Hamiltonians with specified sets of interactions
producing target unitary evolutions. Our approach and results
are potentially of great interest to optimize experimental im-
plementations of quantum algorithms in architectures such as
linear optics and super conductive qubits.
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a set of real parameters and Oi are Hermitian operators, we
want to find the set �0 such that exp(iH(�0)) = G. This can
be reframed as an optimization problem by considering the
fidelity function F (�, ) ⌘ h |G† exp(iH(�))| i, for an arbi-
trary state | i. Clearly, F (�0, ) = 1 for all | i if and only
if exp(iH(�0)) = G. A possible approach to find such �0 is
to consider the average fidelity function F̄ (�), defined as the
average of F (�, ) over all  . Given that explicit formulas
are known for F̄ [27–29], standard optimisation methods can
be applied directly to F̄ to find solutions to the gate design
problem 1. This method, however, turns out to be ine�cient for
the problem at hand, due to the complexity of the underlying
parameter space. We therefore turn to a di↵erent technique,
exploiting how the fidelity landscape changes when changing
the state | i [20]. We can indeed use the fact that the only
values of � for which the fidelity is 1 regardless of | i are
those corresponding to our solution. By employing a gradient
descent technique [31, 32] and di↵erent | i at di↵erent steps,
we implement the following iterative procedure:

1. Choose an initial set of parameters �.

2. Generate a random set of input states | ki, k = 1, ...,Nb,
with Nb the size of the mini-batches chosen beforehand.

3. For each k, compute r�F (�, k). The use of machine
learning frameworks like Theano [33], TensorFlow [34],
or PyTorch [35] (among others), enabled the calcula-
tion of gradients automatically from the chain rule, thus
avoiding numerical errors arising from numerical di↵er-
entiation algorithms.

4. Update the coupling strengths �. We here do this using
the so-called momentum gradient descent method [36],
corresponding to the following updating rule:

v! �v + ⌘r�F (�, k),
�! � + v,

(9)

where the learning rate ⌘ and the momentum term � are
hyperparameters to be chosen beforehand. The value of
the learning rate is also chosen to be decreasing with the
iteration number.

5. Return to point 2, until a satisfactory value of the fidelity
is obtained.

A more in-depth explanation of the techniques involved is pro-
vided in the Supplementary Materials. To find the interaction
parameters implementing a To↵oli gate, using only one-qubit
interactions and two-qubit diagonal interactions (that is, in-
teractions of the form �↵1�

↵
2 ), we start the numerical training

from the Hamiltonian obtained by imposing Eq. (1b) on the
parametrized Hamiltonian containing the required interactions,
which has the form
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Starting the training from Eq. (10), many di↵erent solutions
can be found, depending on the chosen initial conditions and
the random states that are used at each run. In Fig. 1 (a), sev-
eral di↵erent solutions are shown, proving that it is indeed
possible to implement a To↵oli gate using only pairwise diago-
nal interactions. This analysis can be extended to the case of
a Fredkin gate, whose generator with only diagonal pairwise
interactions and commuting with the principal generator of the
Fredkin is found to have at most two-body terms. Using this
model as starting point for the training we again obtain several
solutions, some of which are shown in Fig. 1 (b).

More generally, we need not limit ourselves to the training
of three-qubit networks. To illustrate this, we provide yet
another example of successful application of our framework,
this time to implement a non-trivial unitary evolution over
four qubits. In particular, we successfully train a four-qubit
network to implement the doubly-controlled Fredkin gateUFF ,
defined asUFF ⌘ |0ih0| ⌦UFred + |1ih1| ⌦UFred, whereUFred
denotes a Fredkin gate in which the control qubit is the third
one, and the target ones the first two. It turns out that this four-
qubit gate can be implemented using no more than two-qubit
interactions, and that furthermore this set can be restricted to
only consider diagonal ones. Some examples of such solutions
are shown in Fig. 1 (c). Note that to obtain these results no
ad-hoc reasoning was used, nor ansatz such as those used
to derive Eqs. (6) and (8) were needed. This, in particular,
makes it easy to test any hypothesis such as “can gate X be
implemented using only set of interaction Y” without having
to go through extra ad-hoc calculations.

Conclusions– We have presented a general framework to ap-
proach constrained gate-synthesis problems. We have showed
that the procedure is amenable to direct analytical solution,
providing time-independent Hamiltonians generating To↵oli
and Fredkin gates using only undemanding diagonal interac-
tions and no ancillary qubits. To our knowledge, no previous
attempt at such a decomposition has been reported so far. Gen-
erality can be added to our approach by powerful techniques
of supervised learning of the interaction parameters, which
allowed to find Hamiltonians with specified sets of interactions
producing target unitary evolutions. Our approach and results
are potentially of great interest to optimize experimental im-
plementations of quantum algorithms in architectures such as
linear optics and super conductive qubits.
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interactions, such that G = exp(iHG) = exp(iH̃G).
We assume that H̃G depends on a quantity � that

parametrizes the set of physical interactions to be used. For
instance, in a spin system, the physical interactions can be a
certain subset of the possible two-body and single-body inter-
actions, like the set of Heisenberg coupling strengths and local
magnetic fields. In general, H̃G(�) may also model a system
where the original register is coupled to auxiliary degrees of
freedom, though we will here focus on the case without ancil-
lary qubits. The following three conditions are necessary and
su�cient for H̃G to satisfy our requirements:

H̃G contains only physical interactions, (1a)

[H̃G,HG] = 0, (1b)

Eig(H̃G �HG) = {2⇡ni with ni 2 Z}. (1c)

Requirements (1b) and (1c) ensure that G = exp(iH̃G �
iHG) exp(iHG) and exp(iH̃G � iHG) = 1, while condition
(1a) reiterates the constraints we are imposing on H̃G. While
condition (1b) may seem excessively restrictive, this turns out
to not be the case. To see this, consider the spectral decom-
position G = Pk �k

P
j Pk j of a general gate G. Here, Pk j is

the jth trace-1 projector in the kth degenerate subsector of the
eigenspace [15]. It follows thatHG and H̃G have the following
expressions

HG = �i
X

k

Log(�k)Ik, H̃G = HG + 2⇡
X

k, j

⌫k jPk j, (2)

Here Ik =
P

j Pk j, which is not (in general) an identity (or
diagonal) matrix, and we have used the general expression for
the logarithm log � = Log � + 2⇡i⌫, with ⌫ 2 Z, applied to
every term of the spectral decomposition of G. Therefore, for
any choice of H̃G we have [H̃G,HG] = 0.

The set of conditions (1a)-(1c) considerably simplifies the
problem of gate simulation, and can be constructively used in
several ways. On one hand, they can be analytically solved
in at least some situations of physical interest. On the other
hand, they can be used to produce an e�cient starting point
for numerical optimization techniques. The general procedure
is to start from a generically parameterized expression for
H̃G(�) satisfying condition (1a), and then proceed to use (1b)
to both significantly reduce the set of possible interactions and
impose constraints on the parameters. The problem is then
reduced to the enforcing of the constraints on the spectrum
of the generator summarised by condition (1c). This is the
nontrivial step in the procedure, which we will however show
to be analytically solvable in at least some cases. This strategy
therefore reduces the task of constrained gate design into an
inverse eigenvalue problem, a topic well studied in the field
of numerical analysis [16]. More generally, we develop a
numerical supervised learning technique to avoid having to
directly tackle the solution of the nontrivial eigenvalue problem
posed by Eq. (1c). It is worth noting that, while H̃G produces
the same unitary evolution given by HG at time t = 1, the
dynamics will in general be di↵erent at 0 < t < 1.

Applications: To↵oli and Fredkin gates.– The quantum Tof-
foli gateUTo↵ is a control-control-NOT that flips the state of

the target qubit (qubit 3 in our notation) when the state of the
two controls (qubits 1 and 2) is |1i1 ⌦ |1i2, and acts trivially on
qubit 3 otherwise. Its realization is an important step towards
the construction of quantum computers [8, 17–19]. A time-
independent two-body Hamiltonian that simulatesUTo↵ with
four qubits has been obtained in [20] using a numerical opti-
mization technique, while three qubits have only been found to
make approximate and classical To↵oli gates [21]. Here, fol-
lowing the construction in Eq. (1), we find an analytic solution
that requires as few as three qubits. Its generator, obtained by
taking the principal value of the logarithm ofUTo↵ , is

HTo↵ =
⇡

8
(1 � �z

1)(1 � �z
2)(1 � �x

3), (3)

whose only three-qubit term is / �z
1�

z
2�

x
3, where �↵i is the

↵th Pauli matrix acting on qubit i. We now write a general
parametrised generator H̃To↵ as

H̃To↵ = h01 +
X

hi,↵�
↵
i +
X

J↵,�i, j �
↵
i �
�
j . (4)

The above expression, containing 37 parameters, automatically
satisfies condition (1a) in that it corresponds to an H̃To↵ with-
out three-qubit interactions. Imposing condition (1b) further
removes 12 parameters, leaving us with 25 (see Section I in
the Supplementary Material for more details). This number
is still too high to easily solve the inverse eigenvalue problem
embodied by condition (1c). We thus impose some physi-
cally plausible assumptions on the coe�cients, in order to
obtain a generator with a small enough number of parame-
ters for which condition (1c) can be satisfied and the resulting
equations are simple enough to be solvable. In particular,
we impose Jxz

12 = Jzx
12 = Jxx

13 = Jxx
23 = 0, Jzx

13 = Jzx
23 = ⇡/8,

Jzz
23 = �Jzz

13 and hz
1,2 = �⇡/8. The rationale behind these

assumptions is to look for a generator that is diagonal with
respect to the first two qubits, does not use �y

i operators, and
does not introduce new o↵-diagonal interactions, on top of the
ones already in the principal generator. This last assumption
is useful because it implies a reduced number of parameters
in H 0To↵ ⌘ H̃To↵ �HTo↵ , which is the operator on which we
have to impose Eq. (1c). Note that the above does not uniquely
identify the set of assumptions, and di↵erent assumptions lead-
ing to di↵erent classes of solutions are indeed possible. In
the Supplementary Materials we present another example of
generator, that is obtained via di↵erent assumptions. Imposing
the above constraints we obtain

H 0To↵ = (⇡/8)�z
1�

z
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x
3 + (h0 � ⇡/8)1 + (hx
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The problem is now to find values for the coe�cients in Eq. (5)
such that exp(iH 0To↵) = 1, which is equivalent to finding co-
e�cients such that all the eigenvalues of H 0To↵ are integer
multiples of 2⇡. Solving for h0, hx

3, J
zz
12, J

zz
13 gives a family of so-

lutions parametrized by the 4 integer coe�cients ⌫1, ⌫2, ⌫3, ⌫4.
The full expression is given in the Supplementary Materials.
A simpler family of solutions depending on a single integer
parameter is obtained imposing ⌫1 = ⌫2 = ⌫3 = 0 and ⌫4 = ⌫,
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FIG. 1. Eight di↵erent sets of interaction parameters generating the To↵oli gate [panel (a)] and the Fredkin one [panel (b)]. For each shown
solution the training was started from the ansatz provided by Eq. (10), and the analogous equation for the Fredkin, respectively. Panel (c): Eight
sets of interaction parameters for the “double Fredkin” gate. Each one of the shown solutions corresponds to unitary fidelity up to numerical
precision (that is, fidelities greater than 1 � 10�16). We refer to the Supplementary Materials for the details of the optimisations.
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As can be directly verified, for non-zero integer values of ⌫,
the above satisfies exp(iH̃To↵(⌫)) = UTo↵ . It is interesting to
remark that the generator in Eq. (6) can also be deduced directly
by using only properties of the Pauli matrices, as shown in the
supplementary materials (while this is harder in the case of the
generator provided for the Fredkin in Eq. (8)). Thus, a highly
non-trivial three-qubit gate such as To↵oli’s, which in principle
requires three-body interactions as in Eq. (3), can be obtained
exactly without three-qubit interactions.

On a similar note, it is possible to use the framework pro-
vided by Eqs. (1a) and (1c) to find a Hamiltonian that does not
contain three-qubit interaction terms, and generates the Fred-
kin gate at suitable time. The Quantum Fredkin gateUFred is a
three qubits gate which swaps two qubits conditionally to the
first qubit being in the |1i state, and is of use for a number of
quantum information protocols [22, 23]. A time-independent
two-body Hamiltonian that simulatesUFred with 4 qubits has
been obtained in [20] using a numerical optimization technique.
We find an analytic solution that requires as few as three qubits.
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where the control qubit is the first one. Clearly, the above
Hamiltonian contains both two-body and three-body interac-
tions. We now write down the general parameterized expres-
sion H̃G(�) for a 3-qubit Hamiltonian containing only pairwise
diagonal interactions, and imposing Eq. (1b) we cut the num-
ber of parameters � down to 22. Imposing some physically
plausible additional conditions, like the symmetry of second
and third qubit, we finally manage to reduce the number of
parameters enough to solve the eigenvalue problem, finding
the following solution
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This proves that also the Fredkin gate, a nontrivial gate with sev-
eral applications, can be implemented without time-dependent
dynamics using only at most two-qubit interactions. The phys-
ical reason behind this simplification can be understood from
the study of the spectral properties. For example, the gate
UFred has only two eigenvalues, �± = ±1 with �+ having a sev-
enfold degeneracy due to the symmetries of the gate. De facto,
such degeneracy makes the time-evolution operator generated
byHFred operate in a two-level subspace. On the other hand,
the spectrum of H̃Fred �HFred is {�4⇡,�2⇡, 0, 0, 0, 2⇡, 2⇡, 4⇡},
showing that the heavy degeneracy in the spectrum ofHFred is

partially lifted when considering H̃Fred�HFred, and the dynam-
ics thus occurs in an larger e↵ective Hilbert space. Nonetheless,
although exp(itH̃Fred) is non-symmetric for most of the evo-
lution times, by construction all the symmetries are restored
at t = 1, as well as at any subsequent integer times. This
example nicely shows that breaking the symmetries of a gate
G, exploiting its degenerate space, can help the gate simulation
when restricting the set of viable interactions.

Perfect state transfer.– A one-dimensional quantum walk
is described by the Hamiltonian HW =
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k=1 Jk |ki hk�1| +

Bk |ki hk|, where N is the length of the lattice upon which the
walk takes place, Jk the transition rates between adjacent sites,
Bk the local energies and |ki defines the state where the “walker”
is at the k-th site. A quantum walk Hamiltonian HW admits
perfect state transfer (PST) at time t, i.e. the initial state of
the walker initially at site k is perfectly retrieved at site N �
j + 1 if e�itHW = ⌅, where ⌅k j = �k,N� j+1 is the reflection
matrix. Necessary and su�cient conditions for PST are well
understood [13, 14]: firstly,HW has to be “mirror-symmetric”,
that is [HW ,⌅] = 0, and secondly the eigenvalues {Ek} ofHW
should to satisfy the condition eiEkt = (±1)k.

We show now that finding the parameters {Jk, Bk} for PST is
a particular case of the Hamiltonian design problem for gate
simulation. Specifically, the conditions for PST can be obtained
from the construction in Eq. (1). In a 1D quantum walk, the
“physical” couplings are the nearest neighbour interactions, but
H⌅ = i log(⌅) = ⇡(⌅ � 1)/2 is long range. Using HW as
Hphys(�), where � = {Jk, Bk}, and defining H 0 = HW � H⌅
following condition (1c), where the physical interactions in
H⌅ have been reabsorbed into the definition ofHW , one finds
that: (i) condition (1b) is equivalent to the mirror-symmetry
request [HW ,⌅] = 0; (ii) from conditions (1c) and from the
definitions ofHW andH⌅, one finds that the spectrum ofHW
satisfies eiEkt = (±1)k — indeed the eigenvalues of ⌅ are {0, ⇡},
so Ek = ⇡(2nk + 1) for integer nk. It is straigthforward to
extend the above proof for more general transfers, such as with
long-range interactions [24], or for perfect fractional revivals
[25, 26].

Supervised learning approach– We now describe a di↵erent
methodology to solve the di�cult part of the conditions given
in Eq. (1), that is imposing the condition on the eigenvalues.
While the direct algebraic approach fails as soon as we con-
sider more than a few parameters, and for example already
fails to find solutions for the To↵oli gate with only diagonal
interactions, the method we present here scales much better
with the number of interactions and is easily generalized to any
kind of structure of the qubit network. The idea is to adopt a su-
pervised learning approach to solve the optimization problem
of finding the set of Hamiltonian parameters generating a target
evolution. A first exploration of such a method has been laid
down in Ref. [20]. However, we have been able to significantly
improve on this work, by borrowing from machine learning
techiques commonly used to train neural networks. As we
show below, this results in a more e�cient training and allows
for the exploration of a richer set of scenarios.

The problem we set up to solve is a generalized version
of the one presented above. Given a target gate G and a pa-
rameterized Hamiltonian H(�) =
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interactions, the method we present here scales much better
with the number of interactions and is easily generalized to any
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of finding the set of Hamiltonian parameters generating a target
evolution. A first exploration of such a method has been laid
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remark that the generator in Eq. (6) can also be deduced directly
by using only properties of the Pauli matrices, as shown in the
supplementary materials (while this is harder in the case of the
generator provided for the Fredkin in Eq. (8)). Thus, a highly
non-trivial three-qubit gate such as To↵oli’s, which in principle
requires three-body interactions as in Eq. (3), can be obtained
exactly without three-qubit interactions.
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vided by Eqs. (1a) and (1c) to find a Hamiltonian that does not
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kin gate at suitable time. The Quantum Fredkin gateUFred is a
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tions. We now write down the general parameterized expres-
sion H̃G(�) for a 3-qubit Hamiltonian containing only pairwise
diagonal interactions, and imposing Eq. (1b) we cut the num-
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This proves that also the Fredkin gate, a nontrivial gate with sev-
eral applications, can be implemented without time-dependent
dynamics using only at most two-qubit interactions. The phys-
ical reason behind this simplification can be understood from
the study of the spectral properties. For example, the gate
UFred has only two eigenvalues, �± = ±1 with �+ having a sev-
enfold degeneracy due to the symmetries of the gate. De facto,
such degeneracy makes the time-evolution operator generated
byHFred operate in a two-level subspace. On the other hand,
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lution times, by construction all the symmetries are restored
at t = 1, as well as at any subsequent integer times. This
example nicely shows that breaking the symmetries of a gate
G, exploiting its degenerate space, can help the gate simulation
when restricting the set of viable interactions.
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Bk the local energies and |ki defines the state where the “walker”
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perfect state transfer (PST) at time t, i.e. the initial state of
the walker initially at site k is perfectly retrieved at site N �
j + 1 if e�itHW = ⌅, where ⌅k j = �k,N� j+1 is the reflection
matrix. Necessary and su�cient conditions for PST are well
understood [13, 14]: firstly,HW has to be “mirror-symmetric”,
that is [HW ,⌅] = 0, and secondly the eigenvalues {Ek} ofHW
should to satisfy the condition eiEkt = (±1)k.

We show now that finding the parameters {Jk, Bk} for PST is
a particular case of the Hamiltonian design problem for gate
simulation. Specifically, the conditions for PST can be obtained
from the construction in Eq. (1). In a 1D quantum walk, the
“physical” couplings are the nearest neighbour interactions, but
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fails to find solutions for the To↵oli gate with only diagonal
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of finding the set of Hamiltonian parameters generating a target
evolution. A first exploration of such a method has been laid
down in Ref. [20]. However, we have been able to significantly
improve on this work, by borrowing from machine learning
techiques commonly used to train neural networks. As we
show below, this results in a more e�cient training and allows
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FIG. 1. Eight di↵erent sets of interaction parameters generating the To↵oli gate [panel (a)] and the Fredkin one [panel (b)]. For each shown
solution the training was started from the ansatz provided by Eq. (10), and the analogous equation for the Fredkin, respectively. Panel (c): Eight
sets of interaction parameters for the “double Fredkin” gate. Each one of the shown solutions corresponds to unitary fidelity up to numerical
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Set of information carriers

4

average fidelity F̄ has three local maxima at �loc.
k (k = 1, 2, 3)

and a single global maximum at �gl., namely the optimal pa-
rameters, while the fidelities F for different random states  
have a more complicated behavior. In view of the argument
discussed above, all the state fidelities F have a global max-
imum at �gl. while, remarkably, at least one fidelity F has
no local maximum at �loc.

k . Our stochastic learning algorithm
uses a gradient descent technique for locally maximising the
function F (�). Therefore, if we are around the slopes of a
local maximum of F (�) (say �loc.

k from the previous exam-
ple) and the state | i is randomly changed to |�i, that local
maximum may disappear from F�(�) allowing the algorithm
to escape from this non-optimal region when the parameters
are updated via Eq.(4). On the other hand, when the algo-
rithm is probing the neighborhood of a true optimal point for
which F̄(�)=1, (e.g. �gl. in the previous example), then the
maximum of F (�) does not disappear when the state  is
changed, allowing the “climbing” procedure to continue.

The above stochastic algorithm may be combined with a
deterministic maximization of Eq.(3). In our simulations we
use stochastic learning for the initial global span of the param-
eter manifold and, if it reaches a suitably high fidelity (e.g.
F̄>95%), then it is reasonable to suppose that the algorithm
has found a global maximum. Starting from this point we per-
form a local maximization of Eq.(3) and, if F̄'1 is reached,
the learning has been successful. Otherwise we repeat the pro-
cedure.

It is worth emphasizing that given a target gate U , it is
an open question to understand a priori whether a solution
may exist for a graph with a certain set of interactions (e.g.
Heisemberg, Ising, etc.). Unlike in quantum control, where
given a time dependent Hamiltonian H(t) = H0 + �(t)V one
can check in advance whether U = T [exp(�i

R 1

0
H(t)dt)]

for some control profile �(t): such profile can exist only if
U is contained in the group associated to the algebra gener-
ated by the repeated commutators of H0 and V . Although no
complete algebraic characterization is known for our case (see
however the Methods for a necessary condition) and we have
to study each problem numerically, in the next sections we
find some structures which enable the implementation of im-
portant quantum gates. All numerical simulations have been
obtained in a laptop computer using QuTiP [38].

Application: Toffoli gate

The Toffoli gate is a key component for many important
quantum algorithms, notably the Shor algorithm [39], quan-
tum error correction [20], fault-tolerant computation [40],
quantum arithmetic operations [18] and, together with the
Hadamard gate, is universal for quantum computation [41].
Experimental implementations of this gate has been obtained
with trapped ions [42], superconducting circuits [19, 43],
or photonic architectures [44]. Toffoli gate is a controlled-
controlled-not (CCNOT) operation acting on three qubits. It
can be implemented in a circuit using five two-qubit gates [1],
or can be obtained in coupled systems via quantum control

FIG. 3. Network implementing the Toffoli gate. The gate acts on the
three external qubits (the top ones being the control qubits, and the
bottom one being the target), and has an additional auxiliary qubit in
the center.

techniques [45, 46]. Efficient schemes require higher dimen-
sional system (i.e. qudits) [44]. On the other hand, the di-
rect implementation using natural interactions is complicated,
since the Hamiltonian HCCNOT corresponding to the gate, i.e.
CCNOT=eiHCCNOT , has three-body interactions which un-
likely appear in nature.

By applying our quantum hardware design procedure, we
show that the Toffoli gate can be implemented in a four qubit
network using only pairwise interactions and constant con-
trol fields. Our findings enable the construction of a device
which implements the Toffoli gate with a fidelity F̄=99.98%
by simply “waiting” for the natural dynamics to occur, with-
out the need of external control pulses. We consider a four
qubit network as displayed in Fig. 3, where the control qubits
are labeled by the indices 1,2, the target is qubit 3 and the an-
cilla is qubit 4. We start our analysis by considering a fully-
connected graph where each qubit interacts with the others
using XX- and ZZ-type pairwise interactions, as this kind of
interaction can be obtained in superconducting circuits [15].
Because of the symmetries of the Toffoli gate (see Methods),
we consider the two control qubits to be equally coupled to
the target and the ancilla: J↵�1m=J↵�2m, for m=3, 4 and simi-
larly we set h↵1=h↵2 . Moreover, since the Toffoli gate is real,
we only consider local fields in the X and Z directions and set
| Ai=cos ⌘ |"i+ei⇠ sin ⌘ |#i. By combining SGD with the
maximization of Eq.(3) we find the following optimal param-
eters,

Jzz
12 = �8.940, Jzz

13 = �4.957, Jzz
14 = �5.657,

hz
1 = �2.428, hz

3 = Jzz
13 , hz

4 = �0.165,

hx
3 = �19.08, hx

4 = �4.267, Jxx
34 = 15.06,

⌘ = 0.8182, ⇠ = 0.0587, (5)

where the other XX- and ZZ-type interactions not displayed
in (5) are found to be zero by the learning algorithm, so the
optimal configuration is the one summarized in Fig.3 where
the XX coupling is only between qubits 3 and 4. In more

L. Banchi, N. Pancotti, S. Bose, npj QI 2, 16019 (216)
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Additional results: QFT

QFT |a⟩1 |b⟩2 |c⟩3 = 1
8

( |0⟩ + eiπc |1⟩)1 ⊗ ( |0⟩ + eiπ(b + c
2 ) |1⟩)2

⊗ ( |0⟩ + eiπ(a + b
2 + c

4 ) |1⟩)3
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Fig. 4. Fidelity F�( ) for the three-qubit QFT gate plotted against potential deviations from
the ideal interaction time t = 1 and for five di↵erent (randomly sampled) test states | iS . The
deviations from the ideal time are encoded in a wrong rescaling of the set � ! ↵�. (a) We have
taken 0.9  ↵  1.1, and (b) 0  ↵  1.2. (c) Plot of F�( ) against absolute variations of a single
element of �, in this case the first one, i.e. we take �1 2 [�10, 10]. (d) Like (c) but for �2.
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Fig. 2. Fidelity F�( ) vs variations of �, for di↵erent test states, for the TofFredkin gate. The
five test states  are sampled randomly. (a) Global relative variations of �, that is, plotting the
fidelity against ↵� for 0.9  ↵  1.1. Note that this is equivalent to studying how the fidelity
changes with respect to uncertainties in the evolution time, that is, how much does exp(iHt0)
di↵ers from exp(iHt). (b) Same as (a) but with 0  ↵  1.2. (c) Plot of F�( ) against absolute

variations of a single element of �, in this case the first one, i.e. we take �1 2 [�10, 10]. (d) Like
(c) but for �2.
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Fig. 3. Final TofFredkin gate found from the supervised learning training. In this representation,
the ancillary qubit is the first one, so that the top-left 8⇥ 8 submatrix describes the evolution of
states when the ancillary qubit starts as |0i. Notably, it is clear from the matrix that the gate acts
diagonally on the ancillary qubits, which therefore e↵ectively acts as a control qubit. When this
control ancillary qubit is |0i, the other three qubits evolve according to the TofFredkin gate.
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&HA = CNOT12CCNOT123
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Fig. 6. Final half-adder gate found from the supervised learning training. In this representation,
the ancillary qubit is the first one, so that the top-left 8⇥ 8 submatrix describes the evolution of
states when the ancillary qubit starts as |0i. Notably, it is clear from the matrix that the gate acts
diagonally on the ancillary qubits, which therefore e↵ectively acts as a control qubit, which when
|0i induces the other three qubits to evolve according to the half-adder gate.
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FIG. 1. Schematic representation of how the amplitudes are
distributed among the sites, at the various steps of the evolution. The
red (blue) arrows represent the movement of the walker with coin
state |↑⟩ (|↓⟩) after the coin flip. The coin operators Ci determine the
weights with which the amplitude at every site is distributed between
the red and blue arrows, and thus the two sites of the next layer with
which it is connected.

the walker |!⟩ ≡
!n

k=1

!
s∈{↑,↓} uk,s |k⟩ ⊗ |s⟩, after one step

the state evolves to

WC |!⟩ ≡ S C|!⟩ =
n"

k=1

"

s∈{↑,↓}
uk,sS(|k⟩ ⊗ C|s⟩), (1)

where we defined the step operatorWC as the combined action
of a coin flip and a controlled shift, and S is given by

S =
"

k

(|k⟩⟨k| ⊗ |↑⟩⟨↑| + |k + 1⟩⟨k| ⊗ |↓⟩⟨↓|). (2)

We here assume the walker’s Hilbert space to be infinite
dimensional (or, equivalently, larger than the considered
number of steps), so that there is no need to take the boundary
conditions into account. It is worth noting that we use a
slightly different convention than those commonly found in
the literature. Rather than considering the walker to be moving
left or right conditionally to different coin states, we assume
the walker to stand still or move right depending on whether
the coin is prepared in |↑⟩ or |↓⟩ (cf. Fig. 1) [73–75]. While
for two-dimensional coin states the two arrangements are
equivalent, our choice allows for both a clearer presentation
and more efficient simulations.

III. REACHABILITY CONDITIONS

A. One-step reachability condition

Let us now focus on the case where the walker is
initially localized at site i = 1 with some unspecified
coin state, so that the initial state of the system reads
|!(0)⟩ = |1⟩ ⊗ (u(0)

1,↑|1,↑⟩ + u
(0)
1,↓|1,↓⟩). Given the definition

of the conditional shift operation S, after a step with coin
operator C1, the resulting state |!(1)⟩ ≡ WC1 |!(0)⟩ satisfies
the conditions ⟨1,↓|!(1)⟩ = ⟨2,↑|!(1)⟩ = 0. More generally,
for any initial walker state |!⟩ spanning n sites, the application

of WC1 produces a state spanning n + 1 sites and satisfying the
equations

⟨1,↓|WC1 |!⟩ = ⟨n + 1,↑|WC1 |!⟩ = 0. (3)

The implication goes both ways: any state |"⟩ of a system
spanning n + 1 sites and with an additional spinlike degree of
freedom, such that ⟨1,↓|"⟩ = ⟨n + 1,↑|"⟩ = 0, is the output
of one step of a quantum walk evolution with suitable coin
operator and initial coin state.

B. Two-step reachability conditions

Consider now another coin operator C2, and the state
|!(2)⟩ ≡ WC2 |!(1)⟩. It is useful to describe the evolution of
the amplitudes u

(n)
i,s after a generic step WC as

v
(n+1)
i ≡

#
u

(n+1)
i,↑

u
(n+1)
i+1,↓

$

= C
#

u
(n)
i,↑

u
(n)
i,↓

$

, (4)

where the complex vectors v
(n)
i collect the amplitudes at the

nth step that came from the ith site at the previous step. It
is easily verified that this description is equivalent to Eq. (1).
Applying Eq. (4) to |!(1)⟩ we get

v
(2)
1 = C2

#
u

(1)
1,↑
0

$

, v
(2)
2 = C2

#
0

u
(1)
2,↓

$

, (5)

which directly implies the orthogonality of v
(2)
1 and v

(2)
2 , for

any unitary C2. More explicitly, the amplitudes of |!(2)⟩ satisfy
the conditions

u
(2)
1,↓ = u

(2)
3,↑ = 0, (6a)

u
(2)∗
1,↑ u

(2)
2,↑ + u

(2)∗
2,↓ u

(2)
3,↓ = 0. (6b)

On the other hand, if |"⟩ is a walker state spanning three
sites like |!(2)⟩, with amplitudes satisfying the above relations,
then Eq. (6a) ensures that |"⟩ is output of at least one step,
while Eq. (6b) implies the existence of a unitary operator C2
and complex numbers a and b such that

%
u1,↑
u2,↓

&
= C2

%
a
0

&
,

%
u2,↑
u3,↓

&
= C2

%
0
b

&
. (7)

Note that, for fixed values of the final amplitudes ui,s , the
coin operator C2 (and consequently the amplitudes a and b)
is determined up to two phases. In other words, for any C2

satisfying Eq. (7), the matrix C2(e
iθ1 0
0 eiθ2 ) is another possible

coin operator generating |"⟩, corresponding to the extremal
amplitudes at the previous step e−iθ1a and e−iθ2b. Given that
quantum states are always defined up to a global phase,
this implies that the only freedom in the choice of the coin
operator is in the phase difference between the two columns.
A step backwards with coin operator C2 will then produce a
state |"′⟩ = W−1

C2
|"⟩ which satisfies ⟨1,↓|"′⟩ = ⟨n,↑|"′⟩ =

0, and is therefore itself the output of a step of quantum walk
evolution.

C. Three-step reachability conditions

Let us now consider the state |!(3)⟩ ≡ WC3 |!(2)⟩. The
orthogonality relation satisfied by the amplitudes of |!(2)⟩,
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FIG. 6. Scheme for the proposed implementation of the quantum walk state engineering protocol using orbital angular momentum (OAM)
and spin angular momentum of a photon. The input state is prepared in a superposition of n modes with a spatial light modulator (SLM). At
each step, the coin operation is then realized in polarization with a sequence of a quarter wave plate (QWP), a half wave plate (HWP), and a
second QWP, arranged to implement an arbitrary transformation. The shift operation in OAM space is implemented with a q-plate (QP), which
shifts the OAM of ±2q conditionally to the polarization state of the photon. For q = 1/2, the shift is equal to ±1, with the corresponding
evolution schematically shown in the lower box. Finally, the coin is projected in the |+⟩ state by means of a HWP and a polarizing beam splitter
(PBS). A second SLM followed by a single-mode fiber performs the measurement of the output state.

QP (shift operators). The number of optical elements scales
polynomially with the number of steps, making this scheme
scalable. Finally, a SLM can be also employed before the
quantum walk architecture to prepare the initial walker state
spanning n sites.

Among other possible architectures to implement the quan-
tum state engineering are intrinsically stable bulk interferomet-
ric schemes [65–67]. In this approach, the coin is implemented
in the polarization degree of freedom, while the shift operator is
performed by introducing a spatial displacement of the optical
mode conditionally to the polarization state of the photon.
Other approaches include integrated linear interferometers
[61–64] and fiber-loop architectures [68–70]. As mentioned,
besides purely optical settings, one could envisage to adapt
the present protocol to other physical systems that can host
quantum walks [80], such as trapped atoms [49] and ions
[50,51], as well as cold atoms in lattices [54,56,58].

VI. CONCLUSIONS

We provided a set of equations characterizing the states
reachable by a coined quantum walk evolution, when letting
the coin operation change from step to step. We then derived a
set of conditions characterizing the quantum states, spanning
only the walker’s positions, that are probabilistically reachable
after projection of the coin at the end of the walk. Finally, we
proposed a protocol to experimentally implement the quantum
state engineering scheme with linear optics, using orbital and
spin angular momentum of a photon to encode spatial and
coin degrees of freedom of the walker. Given the ubiquity of
quantum walks, our approach should facilitate the engineering
of high-dimensional quantum states in a wide range of physical
systems.
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APPENDIX A: GENERALIZED REACHABILITY
CONDITIONS

We here describe a generalized form of the reachability
results of Sec. III. In particular, we study the constraints
associated to a state |!⟩ spanning m + 1 sites, which is the
output of at least n steps of quantum walk evolution. Note that
while in Sec. III we focused on the common m = n case, we
here consider the more general scenario with m ! n. Under
these assumptions, |!⟩ is written as

|!⟩ = WC1WC2 . . .WCn
|!in⟩, (A1)

for some set of coin operators {Ci} and initial state |!in⟩. We
are here not imposing constraints on the form of |!in⟩, which
in particular does not have to satisfy any reachability condition
of its own. We want to show that, for any set of coin operators
{Ci}, Eq. (A1) implies that the amplitudes of |!⟩ satisfy the
following set of equations:

u1,↓ = um+1,↑ = 0, (A2)

s!

i=1

v
†
i vm−s+i = 0 for s = 1, . . . ,n − 1, (A3)

where vi is defined as

vi =
"

ui,↑
ui+1,↓

#
.

The cases n = 2 and n = 3 were explicitly computed in
Sec. III, so let us assume the statement to be true for n and
show that this implies it for n + 1. The main idea is to see how
each one of the equations in Eq. (A3) transforms after one
step. Let us denote the amplitudes after one step with u′

i,α . The
relation between primed and unprimed amplitudes is therefore
given by

v′
i = C

"
ui,↑
ui,↓

#
for every i = 1, . . . ,m,

062326-8

T. Giordani, E. Polino, S. Emiliani, A. Suprano, L. Innocenti, H. Majury, L. Marrucci, 
M. Paternostro, A. Ferraro, N. Spagnolo, & F. Sciarrino PRL 122, 020503 (2019) 



PART

3
State 

engineering

Complexity

Open system
s

LOOKING AHEAD: 
ML FOR TAMING  

COMPLEXITY



Forward look: complexity

Sylvain Gigan  
(LKB Paris, Sorbonne 
University)

Riccardo Sapienza 
(Imperial College 

London)



Forward look: complexity
The Leverhulme Trust Research Grant – Quantum photonic networks - RACOON 

 2 

medium can be measured, as pioneered by the Co-PI 
Gigan [11], among others, effectively retrieving the linear 
operator acting on the input states.  
On the one hand, such advances demonstrate the 
significant flexibility of nanophotonic media, and their 
unprecedented ability to manipulate the (quantum) state 
of light. On the other hand, they suggest that, even if the 
photonic output of complex nanophotonic media cannot be 
exactly predicted a priori due to the large number of 
interacting components, its behaviour can be effectively 
“learnt” a posteriori.  
The combination of such features makes nanophotonic 
media a promising arena for the application of feedback-
based optimisation techniques for light manipulation 
towards photonic state engineering and control, as it has 
been recently proven by the Co-PI Gigan in a multimode 
waveguide [16], and by others in a perforated membrane 
in the context of open and closed optical channels [17].  
In particular, the complexity of these architectures is suited for the emerging field of quantum-
enhanced machine learning [12] and the power of compressed-sensing algorithms [18] to harness 
the mode-mixing power of disordered optical systems to achieve high-fidelity quantum state 
engineering and manipulation of high-dimensional systems.  
Quantum states of high-dimensional Hilbert spaces are of paramount interest both from a 
foundational and applicative perspective. They guarantee higher security and increased information-
transmission rates than their classical and low-dimensional quantum counterparts. More generally, 
they have been shown to be advantageous for various applications, from spatial imaging to quantum 
computation and error correction. The past decades have seen many proposals for the engineering 
of the state of such systems, and their demonstration using a variety of degrees of freedom, including 
polarization, path, orbital angular momentum, and frequency. In general, such strategies depend 
strongly on the specific setting under consideration, suffer of strong limitations in the dimensions and 
quality of control of the system being addressed, and require very ingenious read-out strategies [13].  
 
Goal. We propose to embrace complexity in nanoscale photonic networks to realise a multi-
functional platform for quantum light engineering. The networks can be reconfigured to 
operate in different ways so as to achieve desired target states and operations. The key 
advantage, achieved in Sapienza’s lab, is the recent development of a photonic network in the form 
of a mesh of connected sub-wavelength waveguides (cf. Fig. 1), where thousands of optical modes 
are mixed by multiple scattering, generating emergent collective light states, well-defined but very 
sensitive to external controls.  
Hypothesis to be tested & research plan.  
In our proposed setting, the “software” that determines how to process an input photonic signal will 
be written in the way light is scattered by the nanoscale network, which embodies the “hardware”. 
Methodologically, such control will be achieved in two different yet complementary manners (cf. Fig. 
2):  

(1) Shaping of the light injected in the network, via spatial light modulation before injection into 
the network. 
(2) Reconfiguration of the network. This will be achieved by either design or actively tuning the 
optical response of the network.  

 
The combination of these procedures will enable the synthesis of arbitrary transformations on input 
states encoded in multi-mode photonic signals. In turn, this will enable scattering-based processing 
of optical information (from classical to quantum) endowed with features of reconfigurability (with 
writing speeds ranging from a few Hz, for electrical or temperature [14] tuning, to GHz for optical one 
[15]), controllability, and universality. The latter feature will be enabled by the integration, in the 
design of steps (1) and (2), of machine learning strategies for quantum tasks, which is one of the 

 
Figure 2: Different transformations will be 
achieved by (1) wavefront shaping of the input 
light, and (2) active tuning of the nanoscale 
network. 
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Box 1: The project in a nutshell  

The overarching goal. RACOON aims to explore quantum light 
propagation in disordered nanoscale networks as a novel route 
to scalable quantum information processing. Such new paradigm 
will exploit complexity and scattering as resources for practical 
applications, rather than sources of nuisance.  
The rationale. Photonic networks use a mesh of connected sub-
wavelength waveguides to mix different light modes together. 
Multiple scattering in the network realises a photonic analogue of 
random walk: a photon (that is the fundamental energy building 
block of light) can follow the many available pathways offered by 
the network configuration to cross it (cf. Fig. 1). The interference 
among such possible paths results in significant modifications to 
the state of the light circulating across, thus embodying an 
effective way to manipulate its state. RACOON will make use of 
such enabling possibilities to control the random walk of photonic signals across artificial nanoscale 
networks to synthesise new collective states of light, including the preparation of quantum states and 
the performance of (classical and quantum) computation. 
The enabling expertise. The PI, Sapienza, has considerable expertise in the management of 
advanced photonic nanomaterials (especially disordered media) and the single-photon technology 
required to carry out the proposed experiments. The project is strengthened by an on-going 
collaboration with the Co-PIs, Paternostro (Queen’s University Belfast), who has a strong track 
record in quantum information theory and the use of machine learning for quantum tasks, and Prof. 
Gigan (Laboratoire Kastler-Brossel, Sorbonne University, Paris, France), a pioneer of wavefront 
shaping of entangled photons in complex systems.  
 
Motivations & context. Light is widely considered as a promising candidate-system for the 
quantum-limited manipulation of information towards exploitable quantum technologies [1]. The most 
advanced platforms in this regard consist of optical circuits comprising simple optical-fibre channels 
and integrated optical elements (such as beam splitters and dephasors) that are assembled together 
to achieve the various operations that are required for manipulating the quantum state of light [2,3]. 
Despite ground-breaking proof-of-principle demonstrations of the success of this approach [4], 
conventional integrated-optics circuits are very rigid in light of the geometric constraints to their 
implementation and suffer of a substantive lack of reconfigurability (i.e. different goals require the 
engineering and realisation of specifically designed integrated circuits, which are then hardly 
adaptable to other tasks). For instance, one of the forefront architectures demonstrated so far is 
limited to six controlled modes [5] and suffers from issues of scalability and fabrication-induced 
disorder. Instead, many quantum-technology applications demand quantum-state engineering of 
high-dimensional systems (>1000 modes), which calls for the exploration of new avenues. 
Multiple light scattering in turbid media scrambles the initial incident wavefront and does mix the 
many degrees of freedom of light (direction, phase and polarisation), providing a very powerful 
method for light mode synthesis. The action of the turbid medium is to perform a linear operation on 
the initial state, which can be described by the transmission matrix, and which can be understand as 
a decomposition of the incident light into the medium eigenmodes. A mesoscopic disordered medium 
can be designed at the nanoscale to maximise light scattering [6], and to provide mode localisation, 
the so-called Anderson localisation regime, which strongly affects the random walk behaviour [7,8]. 
These are collective and emergent properties of a complex and disordered medium, and therefore 
can offer a powerful external means of control of the medium mixing properties, for example by local 
perturbations (illumination and carrier injection) of the medium [9], a first step towards a phase gate. 
Due to the phase-coherence of the multiple scattering process (for quenched disorder), the random 
mixing can be controlled by injecting the right wavefront-matched light, for instance a light beam can 
be focussed through an opaque screen [10]. Moreover, the transmission matrix of the disordered 

 
Figure 1: A suspended photonic 
network in silicon nitride (from the PI). 
Two possible quantum walks are shown 
in red and blue. 
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flow and scatter, thus generating novel output quantum states, as verified by transport studies with 
independently scanning detectors (APD, 20 ps resolution, single-photon sensitivity, already 
available) or via photon-counting cameras such as EMCCD (Princeton, noise below one photon, 
already available), which can image a large number of network output channels in a single shot. In 
parallel to the experiments, the network will be modelled through a graph solution to the Maxwell’s 
equation as shown by Sapienza in Ref. [7]. An instance of such technique is shown in Fig. 3. Building 
on this tool, Paternostro’s team will device diagnostics/inference techniques for the characterisation 
of such states. In particular, they will focus on the formulation of witness-based methods for state 
inference, where the measurements to be performed in the Sapienza’s lab will be aimed at 
quantifying the value of specific (and relevant) multi-point correlations functions with which a lower 
bound to the quality of the synthesised state will be established.  

Objective 2: Quantum state synthesis by specifically designed networks. 
We will fabricate designed-disordered networks by electron beam lithography, in gallium phosphide 
on glass at Imperial and in silicon nitride membrane via current collaborations with ORC, 
Southampton, the first samples are already available as in Fig. 1. The specific network design will 
implement specific transformations for the light flowing through them. For this part of the work-
program, the main challenge will lie in the ability to fabricate the network that - within the fabrication 
tolerances - corresponds to the expected transformation. A continue feedback theory-experiment will 
guide us through this phase, and one of the key results will be the development of a quantum 
algorithm to implement these transformations. Validation will be done as in Objective 1, by 
comparing the intensity and correlations of the light transmitted through the network with the 
predicted one.  

Objective 3: Quantum state synthesis by shaping the injected light. 
We will synthesise quantum states by designing 
the shape of the wave-front of individual 
photons, using a programmable digital mirror 
(such as a spatial light modulator) as pioneered 
by the Co-PI Gigan [11], and assisted by 
machine learning (cf. Fig. 2): we will use 
supervised learning approaches to “guide” the 
output signal towards a desired target state by 
determining, in an adaptive manner, the shape 
of the wave-front of the input signal (cf. Fig. 5). 
The goal is to “learn” the ideal incident light 
pattern to couple to a subset of optical modes 
and lead to the desired output state. We will 
focus on the preparation of states showcasing 
genuine quantum features, from large-scale 
quantum coherence to multipartite 
entanglement. The algorithm can be guided by optimising simple features such as coincidence 
counts or classical intensities. The quality of the generated states will be evaluated at the end of the 
protocol by estimating tight lower bounds to state fidelity through the methods developed in Belfast 
by the Co-PI Paternostro and his team [13].   

Objective 4: Quantum state synthesis by actively tuning the network. 
We will exploit classical randomness (given by the complex nature of the network and scattering 
process) and quantum coherence generated by scattering itself to design universal transformations 
on N-dimensional quantum systems. We will implement them on the network using the results of 
Objective 2 and 3. We will tune the network by changing its optical properties, either by local heating 
(at the slow rate of a few Hz [14]), electrically stressing its shape (intermediate rate of 100s Hz), or 
through electro-optic polymers (fast 40 GHz) [15] or optical means (fast rate, GHz) as recently shown 
in Ref. [9]. Building on the previous objectives and the measurement constrains we will decide which 
is the optimal strategy. The methodology based on machine learning illustrated in Objective 3 will 
be employed here as well and extended to the design of simple computational tasks that will 
benchmark the flexibility of our proposed approach.   

 
Figure 5: Through a supervised learning stage, we will 
“learn” how to arrange for the right wave-front of the input 
light to a nanophotonic network to synthesise a desired 
target output states.   



2

FIG. 1. Multimode-fiber based programmable linear-optical network (a) Conceptual schematics of the apparatus.
Photon pairs produced by spontaneous parametric down-conversion (SPDC) are injected into a multimode fiber (MMF) along
orthogonal polarizations using spatial light modulators (SLM). We use commercial MMF (Thorlabs, GIF50C) as a tool to achieve
mode mixing. The transmission matrix (TM) is measured across spatial and polarization modes of the MMF. The wavefront
corresponding to a desired linear transformation Li is calculated and displayed on the SLMs (cf. Methods). Output ports of
interest are selected by two single-mode fiber-based polarization beamsplitters (fPBS) mounted on translation stages. These
correspond to two spatial modes and two polarizations labeled as (H1, V1, H2, V2). Light is detected by avalanche photodiodes
(APDs) connected to a coincidence electronics. The output plane of the MMF is imaged onto an electron multiplying charge-
coupled device (EMCCD) camera along both polarizations (H and V). (b) An arbitrary 4⇥ 2 linear network Li is implemented
by shaping the spatial phases of each input port Hin and Vin. For each input, the predicted output fields after propagation
through the MMF are shown. We observe that light is focused into the four targeted output ports with the desired amplitudes
and phases. (L: lenses, F: filter, HWP: half wave plate, PBS: polarizing beamsplitter, D: Iris diaphragm, FM: Flip Mirror, WP:
Wollaston prism, BS: beamsplitter.)

the spatial light modulators (SLM). We implement 4-
output ⇥ 2-input optical networks simulating the action
of four-dimensional Fourier [22] and Sylvester [23] inter-
ferometers. These interferometers are used for certifying
indinstiguishability between input photons via verifying
a suppression criteria [24, 25]. Here, we verify this cri-
teria for a specific two-photon input state by measuring
the full set of output two-fold coincidence (Fig. 2). Max-
imum two-photon visibility values measured after prop-
agation through the MMF (0.96 ± 0.01) and directly at
the SPDC source (0.95±0.03) are the same, showing that
the platform does not introduce significant temporal dis-
tinguishability between photon pairs. The results show
quantum distinctive features: values of the degree of vi-
olation D, defined as the probability of occupying two-
photon states in all suppression configurations [22, 23],
are as small as 0.022± 0.009 (Fourier interferometer, for
(1, 3) and (2, 4) input pairs) and 0.014± 0.008 (Sylvester
interferometer, for all input pairs).

Thanks to the high number of propagation modes sup-
ported by the MMF, we can manipulate phase and am-
plitude of each element in an optical network indepen-
dently. To demonstrate this ability, we implement the

non-unitary transformation L
N

, defined as
�

1 �1

�1 1

�⌦2

,
which maps all two-photon interferences into photon
anti-coalescences (Fig. 2). The error between the exper-
imentally synthesised transformation and the theoreti-
cally desired one is defined as �V = h|V exp

ij � V th

ij |iij ,
where V

exp(th)

ij is the experimental (theoretical) visibil-
ity over the (i, j) output ports. We measure �V =
0.05 ± 0.04 on average over all transformations (cf. SI),
thus demonstrating accurate control over a 4 ⇥ 2 lin-
ear transformations across spatial-polarization degrees of
freedom.

We now illustrate the use of our experimental plat-
form to simulate coherent absorption, a well-known phe-
nomenon in quantum transport [26]. A typical case is
the interaction of a NOON state |N, 0i+eiN� |0, Ni)/p2
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FIG. 2. Control of two-photon interference among
spatial-polarization degrees of freedom (a) Two-photon
interference: theory (solid lines) and experiment (dots) for

Fourier L(1,2)
F

, Sylvester L(1,2)
Sy

, and non-unitary L(1,2)
N

trans-
formations where the two-photon state is coupled to the (1,2)
input pair. (b) Visibility pattern of four-dimensional Fourier
(F), Sylvester (Sy) and non-unitary (N) transformation for all
input-output combinations. This corresponds to 18 balanced
4x2 optical networks with fully controllable phase relations.

with N = 2 on a lossy beamsplitter, which has been re-
cently demonstrated using a bulk-optics setup with an
absorptive graphene layer [26] and a plasmonic metama-
terial [27]. The interaction between the NOON state and
the LTBS produces an intriguing �-phase dependence of
outcome probabilities of one- and two-photon survival
at the targeted outputs. In our work, we use our fiber
platform to simulate the coherent absorption experiment
(Fig. 3a), where the transformation L(�,↵) can be seen
as a succession of three linear operations: (i) indistin-
guishable photons are split by a beamsplitter to generate
a NOON state (N=2) with a controllable output phase �;
(ii) the NOON state interacts with a lossy phase-tunable

beam splitter (LTBS). The LTBS is defined as t
⇣

1 ei↵

ei↵ 1

⌘

where t  0.5 is the transmission coe�cient and ↵ is a
fully tunable relative phase [26]; (iii) photons are dis-
tributed into 4 output ports by two balanced beamsplit-
ters in order to measure two-photon survival probability.

As shown in Fig. 3b, the e↵ect of coherent absorption is
maximized for ↵ = p⇡, p 2 Z (red line). In the case where
the relative phase � = q⇡, q 2 Z, which corresponds to
having a state (|2, 0i + |0, 2i)/p2 as input, the output
state is a superposition of vacuum- and two-photon state
and the probability of one-photon transmitting into the
targeted outputs is null. This result hence exhibits the
non-linear behavior of the two-photon absorption in the

FIG. 3. Simulation of controlled coherent absorption
(a) The linear network L(�,↵) programmed in the MMF
(Fig.1) emulates the following circuit: Photon pair enters a
MachZehnder (MZ) interferometer composed of a balanced
beamsplitter and a lossy balanced phase-tunable beamsplit-
ter (LTBS). Both the phase � between the two arms and the
phase ↵ of the LTBS can be tuned at will. Light in each
output port of the MZ interferometer is analyzed via two bal-
anced beamsplitters preceding an array of four photocounters
to measure the probability of two-photon survival at the tar-
geted output ports. (b) Probability of two-photon survival
at the targeted outputs: theory (solid lines) and experiment
(dots). The blue dots are for ↵ = ⇡/2, corresponding to
an emulated lossless MZ interferometer. The corresponding
probability of two-photon survival is independent of �. The
red dots are for ↵ = ⇡, corresponding to a lossy beamsplitter
in which the probability of two-photon survival depends on
the relative phase �. (c) Probability of two-photon survival
as a function of � and ↵, showing a transition from emulated
lossless to lossy LTBS.

quantum regime. On the other hand, when � = q⇡/2,
thus corresponding to a state (|2, 0i � |0, 2i)/p2, only
single-photon loss occurs (cf. SI for more details on this
calculation). Thank to our ability of fully control the
relative phase ↵ (Fig. 3c), which was not possible in pre-
vious works [26, 27], we observe a transition of the co-
herent absorption phenomenon from unitary ↵ = ⇡/2
(blue dots) to the maximal coherent absorption situation
↵ = ⇡ (red dots).
Losses, which are usually deleterious for a quantum

system, here provide the ability to coherently control the
interaction, inducing a useful non-linearity, which can be
exploited for processing tasks [28]. Note that, as the
MMF is in principle unitary, losses in our experiment
originate from the fact that we control only half of the
propagation modes of the MMF in each input port. The
unmonitored modes thus embody a sink where informa-
tion about the desired optical network leaks, resulting in
e↵ective open system dynamics of the latter. The total
energy transmittance 2|t|2 to all targeted outputs of the
optical network Li reaches 0.45(0.5) experimentally (the-
oretically), which is close to the critical transmission of
the LTBS.
The dimensionality of our platform can in principle be
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